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Abstract 

We investigate superdifferentiability of functions denned on regions 
of the real octonion (Cayley) algebra and obtain a noncommutative 
version of the Cauchy-Riemann conditions. Then we study the non- 
commutative analog of the Cauchy integral as well as criteria for func- 
tions of an octonion variable to be analytic. In particular, the octonion 
exponential and logarithmic functions are being considered. Moreover, 
superdifferentiable functions of variables belonging to Cayley-Dickson 
algebras (containing the octonion algebra as the proper subalgebra) 
finite and infinite dimensional are investigated. Among main results 
there are the Cayley-Dickson algebras analogs of Caychy's theorem, 
Hurtwitz', argument principle, Mittag-Leffler's, Rouche's and Weier- 
strass' theorems. 

1 Introduction 

Functions of real variables with values in Clifford algebras were investigated, 
for example, in [5]. In this article we continue our investigations of functions 
of variables belonging to noncommutative superalgebras [27] considering here 
functions of octonion variables and also of more general Cayley-Dickson al- 
gebras A r , r > 4, containing the octonion algebra as the proper subalge- 
bra. The algebra of octonions is alternative, that gives possibility to define 
residues of functions in a reasonable way. The Cayley-Dickson algebras of 
larger dimensions are not already alternative and proceedings for them are 
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heavier. Nevertheless, using their power-associativity and distributivity it is 
possible to define differentiability of functions of variables belonging to the 
Cayley-Dickson algebra such that the differential has sufficiently well prop- 
erties, that to define subsequently the line integral over such variable. This 
integral is extended on spaces of continuous functions along rectifiable paths. 
It is necessary to note, that the graded structure of the Cayley-Dickson alge- 
bra A r over R and its noncommutativity for the real dimension not less, than 
4 causes well properites of superdifferentiable functions / : U — > A r , where U 
is open in A"- Apart from the complex case a derivative /' of / G C 1 (f/, Ar) 
is an operator and not in general a number even for U C A r , n — 1. 

The theory of ^4 r -holomorphic functions given below can not be reduced 
to the theory of holomorphic functions of several complex variables. More- 
over, ^4 r -holomorphic functions have many specific features in comparison 
with real locally analytic functions as, for example, the argument princi- 
ple, homotopy theorem 2.15, theorem about representations of multiples of 
functions with the help of line integral along a loop, etc. show. 

Dirac had used biquaternions (complexified quaternions) in his investiga- 
tions of quantum mechanics. The Dirac equations D z f\ — Dzfi = m(fi + f 2 ) 
and Dzfi + D z f 2 = m(fi — f'2) on the space of right superlinearly (z, z)- 
superdifferentiable functions of quaternion variable can be extended on the 
space of (z, 5)-superdifferentiable functions f\(z,z) and f 2 (z,z) (see our def- 
inition in §2.2 below and in [27]) gives evident physical interpretation of a 
solution f 2 ), r > 2, as spinors, where m is a mass of an elementary parti- 
cle. We extend the operator {D 2 Z + D~) from the space of right superlinearly 
(z, z)-superdifferentiable functions on the space of (z, z)-superdifferentiable 
functions /, hence we get the Klein-Gordon equation (D 2 Z + Df)f = 2m 2 / in 
the particular case of quaternions and ^-algebras, r > 3. It is necessary to 
note that previous authors have used right (or left) superlinearly superdiffer- 
entiable functions, that does not form an algebra of functions and they have 
used multiple and iterated integrals and the Gauss-Ostrogradskii-Green for- 
mula, but they have not used line integrals over A r (see, for example, [11] and 
references therein). While development their theory Yang and Mills known 
in theoretical and mathematical physics had actively worked with quater- 
nions, but they have felt lack of the available theory of quaternion functions 
existing in their time. Yang also have expressed the idea, that possibly in 
quantum field theory it is worthwhile to use quaternion time (see page 198 
[11]). It is known also the use of complex time through the Wick rotation in 
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quantum mechanics for getting solutions of problems, where the imaginary 
time is used for interpretations of probabilities of tunneling under energy 
barriers (walls). Using the special unitary group embedded into the quater- 
nion skew field H it makes equivalent under isomoprphism with SO (3) all 
spatial axes. On the other hand, the major instrument for measurement is 
the spectrum. When there are deep energy wells or high energy walls, then 
it makes obstacles for penetrating electromagnetic waves and radiation, that 
is well known also in astronomy, where black holes are actively studied (see 
page 199 and §3.b [11] and references therein). W. Hamilton in his lectures 
on quaternions also tackled a question of events in H and had thought about 
use of quaternions in astronomy and celestial mechanics (see [12, 30] and 
references therein). Therefore, in general to compare the sequence of events 
it may be necessary in definite situations to have the same dimensional time 
space as the coordinate space. On the other hand, spatial isotropy at least 
local in definite domains makes from each axis under rotations and dilata- 
tions SU (2) x R isomorphic with H. Therefeore, it appears that in definite 
situations it would be sufficent to use H 4 instead of the Minkowski space-time 
R 1 ' 3 , where R 1 ' 3 has the embedding into H. Since H as the R-linear space is 
isomorphic with R 4 , then there exists the embedding ( of R 1,3 into H such 
that ((xi,Xi,Xj,Xk) — x\ + Xii + Xjj + Xkk, where the R 1,3 -norm is given 
by the equation |x|i,3 = (x 2 + x 2 )/2 = Re(x 2 ) = x\ — x 2 — x 2 — x\ and the 
R 1 ' 3 scalar product is given by the equality (x, y)i,3 '■— (xy + yx)/2 = Re(xy) 
= xiyi - xiyi - xjyj - x k y k , where x = x x + xd + Xjj + x k k, xi, x k e R 
(see §2.1). This also can be used for embeddings of hyperbolic manifolds 
into quaternion manifolds. Then H 4 can be embedded into the algebra 
of sedenions. It is also natural for describing systems with spin, isospin, 
flavor, color and their interactions. The enlargement of the space-time also 
is dictated in some situations by symmetry properties of differential equa- 
tions or a set of operators describing a system. For example, special uni- 
tary groups SU(n), for n = 3,5 — 8,11, etc., exceptional Lie groups, are 
actively used in theory of elementary particles [11], but these groups can 
be embedded into the corresponding Cayley-Dickson algebra A r [1]. In- 
deed, U(m) C GL(n,C) C C" 2 while C m has the embedding into A r , 
where m = 2 r ~ 1 , such that C m 3 (x 1 + iy 1 ,...,x m + iy m ) —: £ i— > z :— 
(x 1 + ny 1 ) + i 2 (x 2 + i* 2 i 3 y 2 ) + + « 2m -2(a: m + «2m-2^m-i2/ m ) e A r , since 
{i\i k ) 2 = —1 for each I ^ k > 1, where {io,i\, ■■■,i2m-i} is the basis of gen- 
erators of A r , io = 1, i k = —1, ioi k = i k io, iih = —i k k f° r each k ^ I > 1, 
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1 = (— l) 1 / 2 , z* = x 1 — iiy 1 — %2X 2 — i^y 2 — ... — i2m-2X m — i2m-iy m , the norm 
(zz*) 1 / 2 =: \z\ = (J2h=i \ %k + W h \ 2 ) 1 ^ 2 ='■ |£| satisfies the parallelogramm 
identity and induces the scalar product. 

This paper as the previous one [27] is devoted to the solution of the 
W. Hamilton problem of developing line integral and holomorphic function 
theory of quaternion variables, but now we consider general case of Cayley- 
Dickson algebras variables. 

In this paper we investigate differentiability of functions defined on re- 
gions of the real octonion (Cayley) algebra. For this we consider specific 
definition of superdifferentiability and obtain a noncommutative version of 
the Cauchy-Riemann conditions in the particular case of right superlinear 
superdifferentiability. Then we study the noncommutative analog of the 
Cauchy integral as well as criteria for functions of an octonion variable to 
be analytic. In particular, the octonion exponential and logarithmic func- 
tions are being considered. Moreover, superdifferentiable functions of vari- 
ables belonging to Cayley-Dickson algebras (containing the octonion algebra 
as the proper subalgebra) finite and infinite dimensional are investigated. 
Among main results there are the Cayley-Dickson algebras analogs of Cay- 
chy's theorem, Hurtwitz', argument principle, Mittag-Lefner's, Rouche's and 
Weierstrass' theorems. 

The results of this paper can serve for subsequent investigations of special 
functions of Cayley-Dickson algebra variables, noncommutative sheaf theory, 
manifolds of noncommutative geometry over Cayley-Dickson algebras, their 
groups of loops and diffeomorphisms (see also [23, 24, 25, 26, 29]). 

2 Differentiability of functions of octonion vari- 
ables 

To avoid misunderstandings we first introduce notations. 

2.1. We write H for the skewfield of quaternions over the real field R 
with the classical quaternion basis 1, i, j, k, satisfying relations of A2 (see 
Introduction). The quaternion skewfield H has an anti-automorphism 77 of 
order two rj : z 1— > z, where z = Wi — Wii—Wjj — Wkk, z = Wi+Wii+Wjj+Wkk; 
Wi,...,Wk G R. There is a norm in H such that \z\ = \zz\ 1 ^ 2 , hence z = 
\z\ z 
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The algebra K of octonions (octaves, the Cayley algebra) is defined as an 
eight-dimensional algebra over R with a basis, for example, 

(1) b 3 := b := {1, i, j, k, I, il,jl, kl} such that 

(2) i 2 = j 2 = k 2 = I 2 = -1, ij = k, ji = -k, jk = i, kj = -%, ki = j, 
ik = —j, li = —il, jl = —Ij, kl = —Ik; 

(3) (a + /3Z)(7 + 51) = (cry - 80) + (5a + (3^)1 

is the multiplication law in K for each a, (3, 7, 5 G H, ^ := a + (31 G K, 
i] := 7+5/ G K, z :— v—wi—xj—yk for a quaternion 2; = v+wi+xj+yk G H 
with v, w,x,y G R. 

The octonion algebra is neither commutative, nor associative, since (ij)l = 
kl, i(jl) = —kl, but it is distributive and Rl is its center. If £ :=a + /3lGK, 
then 

(4) £ := a — (31 is called the adjoint element of £, where a, /? G H. Then 

(5) = fji, £ + rj = (Z + Vf and £| = |a| 2 + |/3| 2 , 
where |«| 2 = aa such that 

(6) =: |£| 2 and |£| is the norm in K. Therefore, 

(7) N = 

consequently, K does not contain divisors of zero (see also [17, 21, 35]). The 
multiplication of octonions satsifies equations: 

(8) {^r])r] = £(7777), 

(9) = (K)V, 

that forms the alternative system. In particular, = Put £ = 

2a — £, where a = i?e(£) := (£ + 0/2 G R. Since Rl is the center of K 
and = |£| 2 , then from (8,9) by induction it follows, that for each 

£ G K and each n-tuplet (product), n G N, £(£(...£0-) = (•••(&)£•••)£ 
the result does not depend on an order of brackets (order of consequtive 
multiplications), hence the definition of £ n := £(£(•••££)•••) does not depend 
on the order of brackets. This also shows that £ m £ n = £ n £ m , £ m £ m = i m C 
for each n, m G N and £ G K. Apart from the quaternions, the octonion 
algebra can not be realized as the subalgebra of the algebra M 8 (R) of all 
8 x 8-matrices over R, since K is not associative, but M 8 (R) is associative. 
The noncommutative nonassociative octonion algebra K is the Z2-graded 
R- algebra K = K + Ki, where elements of K are even and elements of K x 
are odd (see, for example, [20, 21, 34]). There are the natural embeddings 
C K and H <^-> K, but neither K over C, nor K over H, nor H over C 
are algebras, since the centres of them are Z(H) = Z(K) = R. 

We consider also the Cayley-Dickson algebras A n over R, where 2 n is its 



5 



dimension over R. They are constructed by induction starting from R such 
that A n +i is obtained from A n with the help of the doubling procedure, in 
particular, Aq :— R, A\ = C, A2 = H, A3 = K and A4 is known as the 
sedenion algebra [1]. The Cayley-Dickson algebras are *-algebras, that is, 
there is a real-linear mapping A n 3 a 1— > a* G A n such that 

(10) a** = a, 

(11) (ao)* = b*a* for each a, b G »4 n . Then they are nicely normed, that 

is, 

(12) a + a* =: 2Re(a) G R and 

(13) aa* = a* a > for each 7^ a G -4 n . The norm in it is defined by 

(14) \a\ 2 := aa*. We also denote a* by a. Each 7^ a G *4.„ has a 
multiplicative inverse given by a -1 = a*/|a| 2 . 

The doubling procedure is as follows. Each z G A n+ \ is written in the 
form z = a + bl, where I 2 — — 1, I ^ „4 n , a, 6 G ^4 n . The addition is 
componentwise. The conjugate is 

(15) z* := a* - bl. 

The multiplication is given by Equation (3). 

The basis of An over R is denoted by b n := b := {l,ii, ^"-l}, where 
i 2 s = —I for each 1 < s < 2 n — 1, := / is the additional element of 

the doubling procedure of A n from A n -i, choose i2 n - 1 + m — irJ for each 
m = l,...^™" 1 - 1, i := 1. 

An algebra is called alternative, if each its subalgebra generated by two 
elements is associative. An algebra is called power-associative, if its any 
subalgebra generated by one element is associative. Only for n — 0, 3 the 
Cayley-Dickson algebras A n are division alternative algebras. For n > 4 the 
Cayley-Dickson algebras A n are not division algebras, but they are power- 
associative. To verify the latter property consider z G A n written in the 
form z = v + M, where v = Re(z), M := (z — z*)/2 =: Im(z). Then 
v and M commute and they are orthogonal, M* = —M. Therefore, the 
subalgebra generated by z is associative if and only if the algebra generated 
by M is associative. Since M*M = MM* = \M\ 2 and M* = —M, then the 
subalgebra generated by M is associative. 

Verify that z and z in A r are independent variables. Suppose contrary 
that there exists 7 G Ar such that z + 72: = for each z G A r . Write 
z = a+bl, 7 = a+pi, where a, b,a, (3 G A r -i- Then z+^z = is equivalent to 
aa* + b*j3 = —a and —ba + f3a = —b. Consider z with a ^ and 6 7^ 0. Then 
from the latter two equations we get: a = —(a + b*f3)a\a\~ 2 = 1 + b*f3a\b\~ 2 , 
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since a~ l = a*\a\~ 2 . This gives (3 = — 2bRe(a)\z\~ 2 and a = 1 — 2aRe(a) \z\~ 2 . 
Taking in particular \z\ — 1 and Re(a) ^ and varying z we come to the 
contardiction, since 7 is not a constant. Therefore, z and z* are two variables 
in A r left-linearly (or right-linearly) independent over A r . 

For each A r with r > 2, r G N, there are the identities: z + z* = 2wi, 
s(zs*) = z* + 2w s s for each s 6 i, where z = Y, s eb w s s , w s G R for each 
s G b := {1, h, i 2 r_!}, S := b\{l}, hence = (2 r -2)' 1 {-^+E se S 
for each r > 2, r G N. Therefore, z* does not play so special role in Ar, 
r > 2, as for C. 

In view of noncommutativity of A r , r > 3, and the identities in it caused 
by the conjugation (15), multiplication (3) and addition laws, for example, 
Equations (7,8,9) for octonions, also Equations (10,11,14) and Conditions 
(12, 13) in the general case of A r a polynomial function P : U — > A r in 
variables z and z^ 1 may have several different representations 

Hz) = E {h,iz kl ...b kjm z km } q{m) , 

k,q(m) 

where bkj G A r are constants, k = (ki, k m ), m G N, kj = (kj t i, 

G Z, := 1 z kj ' 1 ... n z kj ' n , l z° := 1, U is an open subset of A™. Certainly, 
we can consider z — zq instead of z in the formula of P(z) on the right side, 
when a marked point Zq is given. In view of the nonassociativity of A r here 
is used the notation {ai...a m } ? ( m ) of the product of elements CL\ , • • • , Ct m G Ar 
corresponding to the order of products in this term defined by the position of 
brackets q(m) := (q m , q 3 ), where a v := {b^ v z kv ) for each v — 1, m, q m G 
N means that the first (the most internal bracket) corresponds to the mul- 
tiplication such that to the situation (ai...(atat+i)...(a w a w+ i)...a m ) 
with formally two simultaneous independent multiplications, but t < w by 
our definition of ordering there corresponds q m = t. After the first multipli- 
cation we get the product of a\, a' m _i G A r , where not less, than m — 2 of 
these elements are the same as in the preceding term, then q m -i corresponds 
to the first multiplication in this new term. We omit g 2 and qi, since they 
are unique. Each term {bk,\z kl ■■■bk, m z km } q ( m ) =: u(bk,z) ^ we consider as 
a word of length = 8(kj,i) + £j K(b k j), where 8(k jt i) = for k jt i = 
and 8(k u ) = 1 for k u ^ 0, «(6 fcJ ) = j for b kJ = 1, n(b k j) = j + 1 for 
b k j & A r \ {0, 1}. A polynomial P is considered as a phrase P of a length 
£(P) := £{^{bki z ))- Using multiplication of constants in A r , commutativ- 
ity of v G R with each l z and 'z, and ; 2; a l z b = l z a+b and l z b = l z a+b , 
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l z l z = l z l z, it is possible to consider representations of P as phrases P of 
a minimal lenght £(P), then order them lexicographically by vectors q(m). 
We choose one such P of a minimal lenght and then minimal with respect 
to the lexicographic ordering of q(m). In view of the commutativity of the 
addition for terms {o>i---(im}q(m) an d {p!i---o>'m\^(m) °f equal length and hav- 
ing different vectors q(m) and q'(m) the order of q(m) and q'(m) for P is not 
important such that the minimality is tested by all orderings of q(m) among 
all terms of a given lenght in P. 

If / : U — > A r is a function presented by a convergent by z series f(z) = 
J2 n Pn{ z )) where P n (vz) = v n P n (z) for each v G R is a R-homogeneous poly- 
nomial, n G Z, then we consider among all representations of / such for 
which £(P n ) is minimal for each n G Z. This serves us to find representa- 
tives in classes of equivalent elements of the R-algebra of all polynomials on 
U and ^-analytic functions. The corresponding family of locally ^-analytic 
functions on U is denoted by C^(U,A r ) or C U (U, A r ). Each element of 
Cz(U,A r ) by our definition is a unique phrase which may be infinite. We 
do not exclude a possibility that two different phrases / and g may have 
the same set-theoretical graph Tf := {(z,f(z)) : z G U} as mappings from 
U into A r , for example, when a class of equivalence defined by a graph has 
nonunique element of minimal length. If each P n for / has a decomposition 
of a particular left type 

p(*) = E **(**), 

where < k G Z, 6 fc G -4 r; then the space of all such locally analytic functions 
on U is denoted by iC u (U,Ar)- The space of locally analytic functions / 
having right type decompositions for each P n 

P(z) = J>% 
k 

is denoted by r C cv (U,A r ). The corresponding space in variables (z,z) is 
denoted by C^ s (U,A r ) and in variables z by C~(U,A r ), where := 
C\ z 2Z {U 2 1 A r )\ lZ=z> 2Z=Z , \Z and 2 Z G U. By our definition each element 
of C% ^(U, Ar) is a unique phrase which may be infinite. 

The R-linear space C^(U,A r ) is dense in the R-linear space C°(U, Ar) 
of all continuous functions /:[/—> Ar. We denote by C®(U,A r ) the R- 
linear space of all equivalence classes of Cauchy sequences from C^(U,A r ) 
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converging relative to the C°- uniformity. Analogously we define C~(U,Ar) 
andC° 2 -(C/,A). 

2.1.1. Definition. If Q G C°(C/, ^4 r ), then we say that £ is z- represented. 
Elements of Cf (or C° 5 ) we call 5- (or (z,z)— respectively) represented 
functions. If / : U — > is a (set-theoretic) continuous function and 
Q C G C z Z (U, A r ) such that each Cauchy sequence : ^ G N} from a 
family £ (of converging Cauchy sequences) converges to / relative to the C°- 
uniformity, then we call each g G Q = (?(/) an algebraic continuous function 
g. (Since T is an equivalence class, then each {( n : n} G Q converges to the 
same limit /). 

We say that Q posses property A, if each {( n : n} G Q posseses property 
A. We say that / posseses property A, if there exists G{f) possesing property 
A and such that Q{f) = H, where either TL G C° z (U,A r ) or H G Cl(U,A r ), 
or HE C° zrz (U,A r ). If g ^ 0, Q C Ti and ^ H we will talk about (A, (?) 
property. If / is of higher class of smoothness C n , C°° or C w , etc., then 
we take intersections of (?(/) and 7i with C n or C°°, or etc. supposing 
convergence relative to the respective uniformity and such that Q (/) fl C n or 
(?(/) fl C°°, or ^(/) fl C w , etc. is nonvoid. Writing arguments ( -yz, n z) of 
/ we will outline the situation in each case indicating a subset of variables 
by which property A is accomplished. We may write for short f(z) or / 
instead of f(z,z) in situations, in which it can not cause a confusion. Our 
general supposition is that a continuous function has a (z, z ^representation, 
if another will not be specified. 

2.1.2. Proposition. Let A be an A r -additive, H-homogeneous operator 
A : A™ — > A™, r > 2, n > 1, then A is H-linear and there exists a finite fam- 
ily Aj of right- A r -linear and Bj of left-A r - linear operators j G {1,2, ...,2 r } 
independent of h G A™ such that A(h) = J2j Aj(hBj) for each h G A£, where 
we write Aj(h) =: Ajh and Bj{h) =: hBj. 

Proof. The first statement is evident. To prove the second mention that 
A(h) = Ejlo 1 A(ij)hj, where hj G R n2r , h = Y.fjo 1 hjij, A(ij) are R-linear 
operators independent of hj. On the other hand, 

hj = (-hij + i j (2 r -2)- 1 {-h + Y:f= 1 1 i j (hi*)})/2 for each j = 1, 2, 2 r - 1, 
ho = (h+ (2 r - 2)~ 1 {-h + EfLl 1 ij(hi$)})/2. 

Substituting these expressions of hj, j = 0, 1, 2 r — 1, into each term A(ij)hj 
we get the second statement. 

2.2. Definition. Consider an open region U in A™, r > 3, the n-fold 
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product of copies of A r , and let / : U — > A r be a function. Then / is said to 
be z-superdifferentiable at a point ( 1 z, n z) = z E U, 1 z,..., n z E 
it satisfies Conditions (2 — 7) below and if it can be written in the form 

(1) f(z + h)=f(z)+j2^i i h + e(h)\h\ 

3=1 

for each h E A™ such that z + h E U, where Aj is an ^-valued ^4 r -additive 
R-homogeneous operator of /i-variable, in general it is non-linear for each 
j = l,...,n and Aj is denoted by (Df(z)).ej and there exists a derivative 
f'(z) such that a differential is given by 

n 

(2) Df(z).h := f(^)./i := E^W/ 5 '*) % 

3=1 

where e(h), e : A™ —> A r , is a function continuous at zero such that e(0) = 0, 
ej = (0, 0, 1, 0, 0) is the vector in A n r with 1 on j-th place, 

(3) Df(z).h=:(Df)(z;h) 

such that (Df)(z; h) is additive in h and R-homogeneous, that is, 

(4) (Df)(z;h 1 + h 2 ) = (DfXhJ + iDf)^) and (Df)(z; vh) = v(Df)(z; h) 

for each h 1: h 2 and h E A™, v E R. There are imposed conditions: 

(5) (d z z).h = h, d z l = 0, d z z = 0, d z z = 0, (d z z).h = h 

also D = d z + d- z , (D(fg)).h = ((Df).h)g + f(Dg).h 

for a product of two supedifferentiable functions / and g and each h E A™, 
where the notation d z corresponds to d/dz and d z corresponds to d/dz. 
We also have distributivity laws relative to multiplication from the right by 
elements A E A r : 

(6) (£>(/ + g))(z; hX) = (Df)(z; hX) + (Dg)(z; hX), 

(Df)(z; h(X 1 + A 2 )) = (Df)(z; hX 1 ) + (Df)(z; hX 2 ) 
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for each superdifferentiable functions / and g at z and each A, Ai and A2 G A r . 
There are also left distributive laws: 

(7) (D\(f + g))(z; h) = X(Df)(z; h) + X(Dg)(z; h), 

(D(X 1 + \ 2 )f)(z; h) = X^DfXz; h) + \ 2 (Df)(z; h). 

If use (z, ^-representation of polynomials and functions, then we define 
(z, 5)-superdifferentiability by the pair (z, z), by z and by z such that 
(8) D z ~z = 0, D~ z z = 0, (D z z).h = h, (D z z).h = h, 

(D z , z (fg)).h = ((D z , z f).h)g + f(D z , z g).h and (D Z;Z f).h = (D z f).h+ (D z f).h 
for each two (z, 2)-superdifferentiable functions / and g, each h G A™ (see also 
[27]). We take a function g( ±z, 2 z) in the ^-representation by \z and 2 z, 
then consider the operator D by the variable ( ±z, 2 z) and in the expression 
(Dg( iz, 2 z)).h, put for the components ±z = z, 2 z = z, ±h — 2 h =: a G 
A™ and consider the function g(z, z) =: /, where z = ( 1 z, n z) G U C A™, 
z = ( 1 z, ra 5), := (a 1 z, a n z), 26 := ( 1 zb, n zb) for each a, b G *4. r . 

If there is a function g{ ±z, 2 z) on an open subset W in Af 1 with values 
in „4 r ( \z, 2 -2)-superdifferentiable at a point ( ±z, 2 z), \z and 2 z G „4™, also 

g( iz, 2 z)\ 1Z=Z> 2Z=Z =: f(z,z), z — £, 
then we say that / is (z, z)-superdifferentiable at a point £ and 

(9) (D z f(z,~z))-h = (df(z,~z)/dz).h:= {(Dg( lZ , 2 *))-(M)}| 

(Dsf(z,z)).h = (df(z,z)/dz).h:= {(Dg( lZ , 2 z)).(0,h)}\ lZ=z , 2Z=Z , 
where h G A™ and / is supposed to be defined by g and its restriction on 
{( iz, 2 z) EW : 2 z = { lZ ) : }, 

(10) D iz g( x z, 2 z).h := D { lZ> 2z) g( x z, 2 z).(h,0), 
D 2Z g{ ±z, 2 z).h := D ( l2; 2z) g( ± z, 2 z).(0,h), 
(D z f(z,z)). ej =: df(z,z)/d*z, (D z f(z,z)). ej =: df(z,z)/d*z. 
Since the Cayley-Dickson algebras are over R and Frechet differentials are 
unique, then for functions g : W — > A r and / : U — > A r , their superdif- 
ferentials (Dg).h and (Dt z ^ z \f).a are unique, so we have D z = D 1Z \ IZ=Z , 
D z = D 2Z=Z in the (z, z) -represent at ion, where U is open in A™ such that 
{( \z — z, 2 z — z) : z G U} C W. In particular, if there are func- 
tions /i,/ 2 ,/3 such that / 3 = f 1 (z,z)f 2 (z,z), f 3 = gj( x z, 2 z)\ lZ=Z: 2Z=Z , 
j = 1, 2, 3, where either gj for each j is presented by a minimized series of 
§2.1, or while multiplication (f\,f 2 ) 1— > no any reorganization of their 
series, for example, by minimality is made (this is the case of our definition 
above), then 
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(11) (D z fJ 2 ).h = {{D z h).h)f 2 + h{D z f 2 ).h and 
{D~ z hf 2 ).h = {{D z h).h)f 2 + h(D~ z f 2 ).h 
for each h E A™, since D z - Z = D z + D z . Generally, 

{D zrz f l f 2 ).h = ((D Z jf 1 ).h)f 2 + fi {D z ~ z f 2 ).h for each (z, 5)-superdifferentiable 
functions fi and / 2 on U and each /i G A™- 

A function / : U — > «4 r is called 5-superdifferentiable at a point £, if 
there exists a function g : U ^ A r such that #(£) = f(z) and (7(2;) is z- 
superdifferentiable at £. 

Notation. We may write a function /(z) with z E *4. r , r > 2, in variables 
(( J iu s : s G b) : j — 1, n), b := b r , as F(( ^w s : s G b) : j — 1, n) — 
f o cr(( % s : s G b) : j = 1, n), where cr(( % s : s G b) : j — 1, n) = 
( i z : j — 1, n) is a bijective mapping. For [/ open in ^4™ and F : U — > ^4 r 
we can write F in the form F = Sseb where F s G R for each s G b, 
F„ s := vF s for each t> G R. 

2.2.1. Proposition. Let g : [/ -> „4™ ; r > 3, and / : -> .4? 6e ^0 
superdifferentiable functions on U and W respectively such that g(U) D VF, 
U is open in A k r , W is open in A™ , k,n,m G N. Then the composite function 
f o g(z) := f(g(z)) is superdifferentiable on V := g^iW) and 

(Dfog(z)).h=(Df(g)).((Dg(z)).h) 
for each z G V and each h G A k r , where f and g are simultaneously (z, z), or 
z, or z- superdifferentiable and hence f o g is of the same type of superdiffer- 
entiability. 

Proof. Since g is superdifferentiable, then g is continuous and g~ l {W) is 
opening. Then / o g(z + h) - f o g(z) = (Df(g))\ g=g{z) .(g(z + h) - g(z)) + 
e f (r])\r}\, where rj = g(z + h) - g(z), g(z + h) - g(z) = {Dg(z)).h + e g (h)\h\ 
(see §2.2). Since Df is *4™-additive and R-homogeneous (and continuous) 
operator on A™, then 

fog(z + h)-fo g{z) = (Df(g))\ g=g{z) .((Dg(z)).h) + e fog (h)\h\, where 
e fog (h)\h\ :=e f ((Dg(z)).h + e g (h)\h\)\(Dg(z)).h + e g (h)\h\\ 
+[(Df(g))\ g=g{zy (e g (h))}\h\), 

\(Dg(z)).h + e g (h)\h\\ < [\\Dg(z)\\ + \e a (h)\]\h\, hence 

\e fog (h)\ < \e f ((Dg(z)).h+e g (h)\h\)\[\\Dg(z)\\ +|e 5 (/i)|] + ||(^))| fl=5( , ) |||e fl (/ i )| 
and inevitably lim^o e fo g (h) = 0. Moreover, €f og (h) is continuous in h, since 
e g and €f are continuous functions, Df and Dg are continuous operators. 
Evidently, if d z f — and d z g = on domains of / and g respectively, then 
d z f ° g = on V, since D = d z + d z . 

2.3. Proposition. ^4 function f : [/ — > A r is z- superdifferentiable at a 
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point a EU if and only if F is Frechet differentiable at a and d z f(z) \ z=a = 0. 
If f is z- super 'differentiable on U, then f is z-represented on U. If f'(a) is 
right superlinear on the superalgebra A™, then f is z- super differentiate at 
a G U if and only if F is Frechet differentiable at a G U and satisfies the 
following equations: 

(1) (dF ps /diw p ) = ((ps)p*)*((qs)q*)(dF qs /diw q ), for each p,q, s G b 

or shortly: 

(2) dF/d j Wl = (dF/d j w q )q* 

for each q G b r and each j = 1, ...,n. A (z,z)- super 'differentiable function f 
at a G U is z- super 'differentiable at a G U if and only if D z f(z, z)\ z=a = 0. 

Proof. For each canonical closed compact set U in A r the set of all 
polynomial by z functions is dense in the space of all continuous on U Frechet 
differentiable functions on Int{U). 

As usually a set A having structure of an additive group and having 
distributive multiplications of its elements on Cayley-Dickson numbers z G 
A v from the left and from the right is called a vector space over A v . In 
such sence it is the R-linear space and also the left and right module over 
A v . For two vector spaces A and B over A v consider their ordered tensor 
product A ® B over A v consisting of elements a <S> b :— (a,b) such that 
a £ A and b G B, a(a, b) = (aa, b) and (a, b)(5 — (a, bf3) for each a, f3 G A v , 
(ai <8> bi)(a 2 <S> b 2 ) = a\a 2 ® b^b 2 for each a\,a 2 G A and bi,b 2 G B. In the 
aforementioned respect A <S> B is the R-linear space and at the same time left 
and right module over A v . Then A ® B has the structure of the vector space 
over A v . By induction consider tensor products {Ci®C 2 ® ...<8>C n } g ( n ), where 
Ci, ...,C n G {A,B}, q{n) indicates on the order of tensor multiplications in 
{*}. For two Ay-vector spaces V and W their direct sum V © W is the A v - 
vector space consisting of all elements (a, b) with a G V and b G W such that 
a(a,b) = (aa,ab) and (a,b)/3 = (a/3, bf3) for each a and (3 G Ay. Therefore, 
the direct sum of all different tensor products {C\ <S> C 2 <g) ... <g) C n } g ( ra ), which 
are R-linear spaces and left and right modules over A v , provides the minimal 
tensor space T(A, B) generated by A and B. 

Operators d z and d~ z are uniquely defined on C^(U,A r ) and C~{U,A r ), 
hence they are unique on the tensor space T(C^(U, A r ), Cf(U, A r )), which is 
dense in C^ s (U,Ar), since C^(U,A r ) := C*^ 2Z (U\ A r )\ 1Z=Z , 2Z=Z . There- 
fore, operators d z and d z are uniquely defined on C^(U, A r ). 
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If there is a product fg of two phrases / and g from C ZZ (U, A r ), then 
if it is reduced to a minimal phrase £, then it is made with the help of 
z n z m = z n+m and z n z m = z n+m and identities for constants in A r , since no 
any shortening related with their permutation zz = zz or substitution of 
z on z or z on z, for example, using identity z = l(zl*) is not allowed in 
Czg(U,Ar) in accordance with our convention in §2.1, since C£ s (U,A r ) : = 
C\ z 2Z (^ 2 )^r)| iz=z, 2z=z and in C w 2Z (U 2 ,A r ) variables ±z and 2 z do not 
commute, and 2 z are different variables which are not related. Therefe- 
ore, d z £.h = (d z f.h)g + f(d z g.h) and d£.h = {d~ z f.h)g + f(d z g.h), hence 
<9 Z and d z are correctly defined. In particular functions of the form of se- 
ries / = J2{ hf--- kf}q(t) converging on U together with its super differen- 
tial on Int(U) such that each if is superlinearly z-superdifferentiable on 
Int(U) relative to the superalgebra Ar is dense in the R-linear space of z- 
superdifferentiable functions g on U, since (Dg(z)).h is continuous by (z, h). 
We can use 5- approximation for each 5 > of Dg(z).h on a sufficiently small 
open subset V in U such that z G V by functions ( n polynomial in z and R- 
homogeneous ^."-additive in h and partition of unity in U by C^-functions 
and then consider functions £ n with £„' corresponding to since e(/i) is 
continuous at for each z G U and for each canonical closed compact subset 
W in U from each open covering we can choose a finite sub covering of W. 

From Conditions 2.2.(2 — 7) it follows, that the z-superdifferentiability 
conditions are defined uniquely on space of polynomials. In view of Con- 
ditions 2.2.(1 — 7) the ^-superdifferentiability of a polynomial or a converg- 
ing series P on U means that it is expressible through a sum or a con- 
verging series of products of i z and constants from A r . Therefore, each 
z-superdifferentiable function / on U is the equivalence class of all Cauchy 
sequences from C%(U, A r ) converging to / relative to the C 1 -uniformity, since 
(D*).h : C 1 — > C° is continuous for each h G A?. 

Suppose that / is z-superdifferentiable at a point a. To each f'(z) there 
corresponds a R-linear operator on the Euclidean space R 2r ". Moreover, we 
have the distributivity and associativity laws for (Df)(z;h) relative to the 
right multiplication on elements A G A r (see §2.1, 2.2). Then f(a+h)—f(a) = 
d a f(a).h + e(h)\h\ and d z f(z)\ z=a = 0, since generally f{a + h) - f(a) = 
(d a f(a)).h+ (daf(a)).h + e(h)\h\, where e(h) is continuous by h and e(0) = 0. 
Vice versa, if F is Frechet differentiable and d z f(z)\ z=a = 0, then expressing 
w s s for each s G b r through linear combinations of z (with multiplication on 
constants from A r on the left and on the right) with constant coefficients we 
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get the increment of / as above. 

Consider now the particular case, when /' is right superlinear on the 
superalgebra A™ and d z f(z)\ z=a = 0. In this case f'(a) is right ^4 r -linear. 
Using the definition of the z-superderivative and that there is a bijective 
correspondence between z and (( 3 w s : s G b r ) : j — 1, ...,n), 3 w s G R for 
each s G b r , j = 1, ...,n, we consider a function / = f(z) and F(( % s : s G 
b r ) : j — 1, ...,n) = f o cr, where / is ^-superdifferentiable by hence F is 
Frechet differentiable by (( 3 w s : s G b r ) : j = l,...,n) and we obtain the 
expressions: 

dF/d 3 w s = (dF/d j z).(d j z/d j w s ), 

since d 3 z/d k w s = and d 3 z/d k w s = and df(z)/d 3 z\ z=a = for each 
k 7^ j. From d i z/d % s = s for each s G b r we get Equations (2), since 
ps = —sp, F ps = —F sp and pp* = 1 for each p ^ s G b. Using the equal- 
ity F = J2 S £bFsS we get Equations (1) from the latter equations, since qf 
is right superlinearly superdifferentiable together with / for each q G b, 
(ips)p*)*((qs)q*) G {-1, 1} C R for each p,q,s G b. 

Let now F be Frechet differentiable at a and let F be satisfying Condi- 
tions (1). Then f(z) - f (a) =Y,]=iEseb(dF/d iw s ) A i Ws +e(z - a)\z - a\, 
where A( ^w s : s G b) = <r -1 ( 3 z) — a( 3 a) for each j = 1, n. From Condi- 
tions (2) equivalent to (1) we get 

/(*) - f(a) = J2] =1 J2 s ^(dF/d i Wl )sA 3 w s +e(z - a)\z - a\ = 
E]=i(dF/d i Wl )A j z +e{z - a )\z-a\, 

where e is a function continuous at and e(0) = 0. Therefore, / is superdif- 
ferentiable by z at a such that f\a) is right superlinear, since dF/d 3 w s are 
real matrices and hence f'(a).( ihXi + 2^A 2 ) = (f'(a) ih)Xi + (f'(a) 2^X2 
for each Ai and A2 G A r and each \h and 2^ G A™- 

The last statement of this proposition follows from Definition 2.2. 

2.3.1. Notation. If / : U — > A r is either z-superdifferentiable or z- 
superdifferentiable at a G U or on U, then we can write also D z instead of 
d z and D z instead of d z at a G U or on U respectively in situations, when it 
can not cause a confusion, where U is open in A™. 

2 A. Corollary. Let f be a continuously superdifferentiable function by 
z with a right superlinear superdifferential on the superalgebra A™, r > 3 ; 
in an open subset U in A™ and let F be twice continuously differentiable by 
(( 3 w s : s G b r ) : j = l,...,n) in U, then each component F s of F is the 
harmonic functions by pairs of variables ( 3 w p , 3 w q ) for each p 7^ q G b r 
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namely: 

(1) A j Wp: j Wq F s = 0, 

for each j = 1, ..,n, where A j Wp , i Wq F s := d 2 F s /d j w 2 p + d 2 F s /d j w 2 . 

Proof. From Equations 2.3.(1) and in view of the twice continuous dif- 
ferentiability of F it follows, that (d 2 F s /d j w 2 ) = {d 2 F( sp *) q /d j w p d j w q ) = 
d 2 F((( sp *) q )p*) q /d j w 2 ) = —(d 2 F s /d j w 2 ), since F vs = vF s for each v G R and 

each s G b r , p ^ q G b r and hence p*g G fc r , t 2 = —1 for each t G b r , p* = —p 
for each p £ b r , pq = —qp for each p ^ q E b r . 

2.5. Note and Definition. Let U be an open subset in A r and let 
/ : U ^^4 r ,r>3, bea function defined on U such that 

(0 f(z,z) = {f\zj)...p(z,z)} q(j) , 

where each function f s (z,z) is presented by a Laurent series 

oo oo 

(») /-(m)= e E (/n,^-cr)(5-cr 

n=no m=mo 

converging on U, where m G A r , z E U , ( E A r is a marked point, n and 
m 6 Z, if n < or m < 0, then ( ^ U. Consider the case fti m = for 
each s and m. The case with terms fi l m ^ will be considered later. 

Let [a, b] be a segment in R and 7 : [a, b] — >■ A r be a continuous function. 
Consider a partitioning P of [a, b], that is, P is a finite subset of [a, b] consist- 
ing of an increasing sequence of points a = Co < ... < Ck < Ck+i < ... < c t = b, 
then the norm of P is defined as |P| := maxk(xk+i — Xk) and the P-variation 
of 7 as v (7; P) := X^=o l7( c fc+i) — 7( c fc)|i where t = t(P) G N. The total vari- 
ation (or the length) of 7 is defined as V{j) = sup P t>(7;P). Suppose that 
7 is rectifiable, that is, ^(7) < 00. For / having decomposition (2.5i, ii) 
with fi l m = for each s and m and a rectifiable path 7 : [a, 6] — > U we 
define a (noncommutative) Cayley-Dickson algebra line integral. Consider 
more general situation. 

Let / : U — > «4 r be a continuous function, where [/ is open in A r , f is 
defined by a continuous function £ : £/ 2 — > „4 r such that 

(1) f( 1*, 2*)| l2 = 2 , 2^=5 = f(z,z) 

or shortly /(z) instead of f(z, z), where \z and 2-2 G £/. Let also g : U 2 — > «4 r 
be a continuous function, which is i^-superdifferentiable such that 

(2) (<%( iz, 2 z)/9 iz).l = f ( iz, 2-2) on C/ 2 . Then put 
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(3) f(z,z).h := f z (z,z).h := [(dg( iz, 2 z)/d iz).h]\ lZ=Zt 2Z= - Z for each h G 
A r . Shortly we can write these as (dg(z,z)/dz).l = f(z,z) and f z (z,z).h : = 
f(z).h := (dg(z,z)/dz).h. If the following limit exists 

(4) J^f(z,z)dz :=lim/(/, 7 ;P), where 

(5) I(f,r,P) := 

fc=0 

where Az^ := -Zfe+i — Zk, Zk '■— j(ck) for each k = 0, t, then we say that / is 
line integrable along 7 by the variable z. Analogously we define / f(z, z)dz 

with (dg(z,z)/dz).l = f(z,z), f~ z {z,z) := (dg(z,z)/dz).h, where g( ± z, 2 z) 
is 2-2-superdifferentiable. 

Remark. In view of Definitions 2.1,2.2 and Proposition 2.3 Conditions 
2.5.(1 — 3) are correct, for example, the taking of functions £ and g in the 
( iz, 2-2)-representation is sufficient. 

This definition is justified by the following lemma and proposition. 

2.5.1. Lemma. Let f : U — > A r satisfy Conditions 2.2.(1,2,5), where 
U is an open subset in A r . Then conditions 

(1) df(z)/dz 2 j,2j+i = for each j = 0, 1, 2 r_1 — 1 and z £ U , 
where Z2j,2j+i '■= w s + w p s*p with s = i^j, p = i2j+i, (ire equivalent with 
dzf(z) = for each z e U . 

Proof. Since (z + h)* - z* = h*, ((Xh)*)* = Xh for each z and h E A n r 
and each A G Ar, (hi + h p p)* = hi — h p p for each p e b, (s(h s + h p s*p))* = 
(h s — h p s*p)s* for each s ^ p e b, (dz/dz).h = h, (dz/dz).h = h, dz/dz = 
and dz/dz = 0, where h p e R for each p e b, hence 
(df(z)/dz 2 j,2j+i)-h = (df(z)/dz).(sh)\ he n,(Bs*pii and 

(df(z)/dz 2j ,2j+i)-h = (df(z)/dz).(sh)\ he Bj(Bs*pR, where s = i 2j and p = i 2j -+i, 
then 

dz/dz 2jj2j+ i = 0, dz/dz 2:jj2j+ i = and 

(dz2j,2j+i/dz2j,2j+i)-h = h, (dz 2jy2j+ i/dz 2jy2j+ i).h = h for each h G R©s*pR. 
In view of Proposition 2.2.1 from d z f(z) — on U and Conditions 2.2.(1, 2, 5) 
it follows, that for each j: 

df(z)/dz 2j , 2j+ i = (df(z)/dz).(dz/dz 2j , 2j+1 ) + (df(z)/dz).(dz/dz 2j , 2j+1 ) = 0, 
since d z f(z) = and dz/dz 2 j :2 j + i = 0. Generally for / its derivative f'(z) 
need not be right (or left) superlinear on Ar. Then df(z)/dz 2 j :2 j + i are R- 
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homogeneous additive operators on the R-linear subspace (R © s*pR) of 

Let / satisfy 2.2.(1,2,5) and (1), then 

(Df(z)).h = Ese b (Df(z)).h s s = J2se b (df(z)/dw s )h s , 
since dz/dw s = s for each s G b, where h = J2 s eh h s s G A r , h s G R V s G b. 
From 

(df(z)/dw s )h s + (df(z)/dw p )h p = (df(z)/dz 2jj2j+1 ).(h s + s*ph p ) 

for each s = i 2p and p = i 2 j+i, since 

(df(z)/dw 8 ) = (df(z)/dz 2j>2j+1 ).l + (df(z)/dz 2jt2j+1 ).l, 

(df(z)/dw p ) = (df(z)/dz 2jj2j+1 - df (z)/dz 2jj2j+1 ).(s*p) 

and df(z)/dz 2 j t2 j + i = 0, it follows that (Df(z)).h = (df(z)/dz).h, since by 

Proposition 2.2.1 and Conditions (1) 

(df(z)/dz).(h s s + h p p) = (df(z)/dz 2j:2j+1 ).(h s + h p s*p) = for each j 

and (df/dz).h = £^1 ~ l {d f / dz) .(i 2j (h 2j + h 2j+1 i 2j i 2j+1 )), since /i s G R for 

each s G b. 

2.6. Proposition. Let f be a function as in $2.5 and suppose that there 
are two constants r and R such that the Laurent series (2.5.i,n) converges 
in the set B(a, r, R, A m ) '■= {z G A m : r < \z — a\ < R} for each s = 1, j, 
let also 7 be a rectifiable path contained in U HB(a, r', R', H) ; where r < r' < 
R' < R, m > 3. Then the Cayley- Dicks on algebra line integral exists. 

Proof. At first mention that A m is the normed algebra such that |^| < 
I^H^I for each £ and r\ G A m . This can be proved by induction starting 
from C and using the doubling procedure. Suppose m > 2 and A m -i is 
the normed algebra, then \(a,b)(c, d)\ = (\ac — d*b\ 2 + \da + 6c*] 2 ) 1 / 2 < 
(\ac\ 2 + \d*b\ 2 + \da\ 2 + \bc*\ 2 y/ 2 < {\a\ 2 + \b\ 2 ) 1 l 2 {\c\ 2 + \d\ 2 ) 1 ' 2 = \(a,b)\\(c,d)\, 
where a,b,c,d G A m -i, (a, b) and (c, d) G A m . Since each f s converges in 
B(a,r,R, A m ) , then 

IrnT n+m>0 |/; m r /(n+m) it:<l, hence 
« := fl( ^p |/; m |r" +m , sup |/; m |i?" +m ) < oo 

s= l n+m<0 n+m>0 

and inevitably 



s=l n+m<0 n+m>0 
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For each locally ^-analytic function / in U and each zq in U there exists a ball 
of radius r > with center zq such that / has a decomposition analogous to 
(2.5i, m) in this ball with all n nonnegative. Consider two ^-locally analytic 
functions / and qonU such that / and q noncommute. Let f° := /, q° := q, 
q-n ._ q(n) ^ (9( ? n )/9^).l =; q n ~ l and q~ k ~ l = for some k G N, then 

(i) {fq) 1 — f l Q — f 2( l~ l + f 3( l~ 2 + ••• + (—l) k f k+1 q~ k - In particular, if 
/ = az 11 , q = bz k , with n > 0, k > 0, b G A m \ RJ, then / p = [(n + l)...(n + 
p)] _1 az n+p for each p G N, g" s = - l)...(fc - s + l)fe fc ~ s for each s G N. 
Also 

(if) (/g) 1 = /g 1 - /-y + /- 2 g 3 + ... + (-l) n /~ n 5 n+1 , when J"™" 1 = 
for some n G N. Apply (i) for n > m and (ii) for n < k to solve the 
equation (dg(z,z)/dz).l = f(z,z) for each z G £/. If / and g have series 
converging in Int(B(z ,r, A m )), then these formulas show that there exists 
a ^-analytic function (fq) 1 with series converging in Int(B(0,r, A m )), since 
lim n _» 00 (nr™) 1 /™ = r, where < r < oo. Applying this formula by induction 
to products of polynomials {Pi--.p n }q(n) and converging series, we get g. Since 
/ is locally analytic, then g is also locally analytic. Therefore, for each locally 
z-analytic function / there exists the operator /. Considering a function G 
of real variables corresponding to g we get that due to Lemma 2.5.1 all 
solutions g differ on constants in A m , since dg/dw s + (dg/dw p ).(s*p) = for 
each s = i 2 j, p = «2j+i, j — 0, 1, 2 r_1 — 1 and dg/dwi is unique, hence / 
is unique for /. Therefore, 

(1) l{/n,J^ + i " a) k (A Zj )(z j+1 - ar~ k (z J+1 - a)-} ?(n+m+1) | < 

i/' ra ii(^ + i-ar(z,- +1 -ariiA^-|. 

From Equation (1) it follows, that \I(f,r,P)\ < \\f\\i,w,B(o-,r',R',n) v (T,P), for 
each P, and inevitably 

(2) |/(/, 7 ;P)-/(/, 7 ;Q)| <«;(/; P)V( 7 ) 

for each Q D P, where 

(3) w(f;P):= max {||/» - /(C)|| : ^ = 7(9), 9 G P}, 

(2,C€7([Cj,Cj+i])) 

\\f(z) - /(OH := sup^ |/>)./i-/(0./i|/|/i|. Since lim n ^ 0O (n)V- = 1, then 
limp o>(/, P) = 0. From limp w(f; P) = the existence of limp /(/, 7; P) now 
follows. 
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2.7. Theorem. Let 7 be a rectifiable path in U , then the Cayley-Dickson 
algebra A r , r > 3, line integral has a continuous extension on the space 
C®(U,A r ) of bounded continuous functions f : U — > A r . This integral is an 
H-linear and left-A r -linear and right- A r -linear functional on C®{U,A r ). 

Proof. Since 7 is continuous and [a, b] is compact, then there exists a 
compact canonical closed subset V in A r , that is, cl(Int(V)) = V, such 
that 7([a, b}) C V C U. Let / E C$(U,A r ), then in view of the Stone- 
Weierstrass theorem for a function F(w s : s E b) = / o a(w s : s E b) and 
each 5 > there exists a polynomial T such that ||F — T||o < 5, where 
\\f\\o '■= sup z£U |/(z)|. This polynomial takes values in A r , hence it has the 
form: T = J2seb T s s, where T s : U — > R. There are relations zp = J2seb w s s P, 
sp = —ps for each s 7^ p E 6, consequently, zp = —w p + J2s£b;s^pW s sp, 
(zp)* =p*z* = -w p +T, s eb;s^ p Ws(sp)* = -w p -T,seb,s^ p WsSp, since p* = -p 
for each p E b. Then w 1 = (z + z)/2 and w p = (pz — zp)/2 for each p E b, 
where we use the identity z = (2 r — 2) _1 {— z + J2 se h s(zs*)} (see §2.1). Write 
F = J2seb^s s , where F s E R for each s E b, then the application of the 
Stone- Weierstrass theorem by real variables (w s : s E b) expressed through 
z and s E h with real constant multipliers gives that the R-linear space of 
functions given by Equations (2.5.i,ii) is dense in C®(U,A r )- 

Consider a function g(z) on U. Let g(z) be superdifferentiable by z. 
Consider a space of all such that g on U for which (Dg(z)).s is a bounded 
continuous function on U for each s E b, it is denoted by Cl(U,A r ) and 
it is supplied with the norm ||<7||c?i := IMIcJ + Y^seb \\(Dg(z).s\\co, where 
\\g\\c° '■= sn Pz£u\9( z )\> hence (Dg(z)).h E C®(U x B(0, 0, 1, Ar), A r ), where 
h E -6(0,0, l,Ar). Therefore, there exists a positive constant C such that 

(1) sup\(Dg(z)).h\/\h\ <C£UDg(z)).s\\oo 

since h = J2seb h s s for each h E A r and Dg(z) is R-linear and (Dg(z)).( 1 h + 
2 h) = (Dg(z)). 1 h + (Dg(z)). 2 h for each 1 h and 2 h E A r , where h s is a 
real number for each s E b, G(w s : s E h) := g o a(w s : s E h) is Frechet 
differentiate on an open subset U a C R 2r such that a(U a ) = U. 

In §2.6 it was shown that the equation (dg(z,z)/dz).l = f(z,z) has a 
solution in a class of locally ^-analytic functions on U. The subset C W (U, A r ) 
is dense in the uniform space C®(U, A r ). 

If g = {g 1 ---g : '}q(j) is a product of functions g s E Cl(U, A r ), then (Dg(z)).h = 
Ei=i{g\z)..y-\z)[(Dg v (z))^g v+1 (z)...gi(z)} q{j) for each h E A- Con- 



20 



sider the space C^(U,A r ) '■= {(Dg(z)).s : s G b}. It has an embedding £ 
into Cj}(U,Ar) and \\g\lc 1 > 12seb\\{Dg(z)).s\\ c o. In view of Inequality (1) 

the completion of C®(U, A r ) relative to || * ||c°(c/,A-) coincides with C$(U, Ar). 

Let {f v : v G N} be a sequence of functions having decomposition 
(2.5.i, ii) and converging to / in C®(U,A r ) relative to the metric p(f,q) '■ = 
sup zeU \f(z) — q(z)\ such that f v = £,((Dg v (z)).s : s G b) for some g v G 
Cl{U,A r ). Relative to this metric C®(U,A r ) is complete. We have the 
equality 

d( f 9 F((/>h a : s G h))/dq = F(w s : s G b) 
Jo 

for each continuous function F on f/ CT , where w s = Wo yS + qh s for each s G b, 
(wo, s : s G b) + 4>{h s '. s G b) G U c for each G R with < < q + e, 
< e < oo, /i s G R for each s G b. Let z be a marked point in V. There 
exists R > such that 7 is contained in the interior of the parallelepiped 
V := {z E A r : z = J2 S £h w sS] \w s — w 0jS \ < R for each s G b}. 

If V is not contained in U consider a continuous extension of a contin- 
uous function F from V fl Uq on V, where C/o is a closed subset in U such 
that Int(U ) D 7 (about the theorem of a continuous extension see [9]). 
Therefore, suppose that F is given on V . Then the function F\{w s : s G 
b) := Cni -Cn.^s : s G b)diui...dK;t is in C 1 (V, ^4 r ) (with one sided 
derivatives on <9V from inside V), where t := i^-i- Consider a foliation 
of V by (2 r — l)-dimensional C°-manifolds T z such that T z fl T Zl = for 
each z 7^ 21, where z\ G 7, Uze 7 — Vi, Vi is a canonical closed subset 
in Ar such that 7 C Vi C V. Choose this foliation such that to have de- 
composition of a Lebesgue measure dV into the product of measures dv(z) 
along 7 and dT z for each z G 7. In view of the Fubini theorem there exists 
J v f(w s : s G b)^ = fj(fr z f( z )dT z )du(z). If 7 is a straight line segment 
then / f(z)dz is in L 1 (T, A T ). Let Un be a real region in R 2r corresponding 
to U in A r . 

Consider the Sobolev space (C/r, R 2 ) of functions /i : ?7r — > R 2r 
for which D a h G L 2 (?7R,R 2r ) for each |a| < q, where < q G Z. In 
view of Theorem 18.1.24 [14] (see also the notation there) if A G \l/ m is a 
properly supported pseudodifferential elliptic operator of order m in the sence 
that the principal symbol a G 5 m (T*(X))/ 1 S m " 1 (T*(X)) has an inverse in 
1 S- m (T*(X))/ 1 S- m - 1 (T*(X)), then one can find B G properly supported 
such that BA - I G - / G ^ _oc . One calls 5 a parametrix for 

A. In view of Proposition 18.1.21 [14] each A G ^ m can be written as a sum 
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A = Ai + Aq, where A\ G ^ m is properly supported and the kernel of Aq 
is in C°°. In particular we can take a pseudo differential operator with the 
principal symbol a(x,£) = (b+ |£| 2 ) 5 / 2 , where b > is a constant and s G Z, 
which corresponds to 6 + A for s = I up to minor terms, where A = V 2 is the 
Laplacian (see also Theorem 3.2.13 [10] about its parametrix family). For 
estimates of a solution there may be also applied Theorem 3.3.2 and Corollary 
3.3.3 [10] concerning parabolic pseudodifferential equations for our particular 
case corresponding to (dg(z,z)/dz).l = f rewritten in real variables. 

Due to the Sobolev theorem (see [32, 33]) there exists an embedding of 
the Sobolev space Wf + \V,A r ) into C°(V,A r ) such that 

(2) H^llc < C||5'llw2 r - 1 +i for each g G W 2 +1 , where C is a positive 

constant independent of g. If h G W 2 +1 (V,A r ), then dh/dw s G W$(V,A r ) 
for each k G N and in particular for = 2 r_1 + 1 and each s 6 b (see [32]). 
On the other hand, ||/i||l 2 (v,A0 — ll^llc*°(v,^ r )(2-R) 2r for each h G L 2 (V,A r ). 
Therefore, 

(3) \\A- k h\\ W H {VtAr) < CWhWc^v^pR)^- 1 for each k G N, where 
C = const > 0, A is an elliptic pseudodifferential operator such that A 2 
corresponds to (1 + A). For the estimate below the Gronwall Lemma is used 
(see, for example, Section 3.3.1 [3]), which reads as follows. Let <f)(t) and 
ip(t) be measurable bounded functions, and rj(t) be a continuous nonnegative 
function such that 

<j>(t) <X + 4>(t) + /* ri(T)<j)(T)dT. Then 

<P(t) <XeMIoV(r)dr}+m+I^MIrV(v)dv}^(rHr)dr. 
Use this lemma for <p{t) := \ S ze{ ^ v):a < v < t} (f(z)-q(z))dz\, X := C 1 p{f,q)V{'y), 
ij}(t) = 0, r)(t) = C 2 R 2r+1 , where C\ > and C' 2 > are suitable constants 
independent of /, q and 7, since ||(/ - q)(z)\\ < p(f, q) + \\Imo (/ - q)(z)\\ 
and \\Im o (/ — < ||/ — q(z)\\ and f(z)A = f for each z G J ([a, b]), 

\(f ~ q)(l(xk+i))-(l(xk+i) -7(^fc))l < IK/ -?)(7(^ifc+i)) II l7(^fc+i) -7(^)1 
for each partitioning P: a = x < ... < < Xk+\ < ... < x w — b, where 
Im(z) := [z — l(zl*))/2. From Equations 2.5.(1,2) and Inequalities (1 — 3) 
it follows, that there exists < e < 00 such that 

(4) |/(/-g, 7 ;P)| <p(/,g)U( 7 )C 1 exp(C 2J R 2r+2 ) 

for each partitioning P of norm \P\ less than e, where C\ and C 2 are pos- 
itive constants independent of R, f and q. In view of Formulas 2.6.(1,2) 
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{/ 7 f v (z)dz : v G N} is a Cauchy sequence in A r and the latter is com- 
plete as the metric space. Therefore, there exists lim^ limp I(f v , 7; P) = 
lim„ / f'"(z)dz, which we denote by J ry f(z)dz. As in §2.6 we get that all 
solutions g differ on quaternion constants on each connected component of 
U, consequently, the functional / is uniquely defined on Cj}(U, A r ). The 
functional / : C®(U,A r ) — > A r is continuous due to Formula (4) and ev- 
idently it is R-linear, since \z = z\ for each A G R and each z G A r , 
that is, J^XMz) + X 2 f 2 (z))dz = f 1 (f 1 (z)X 1 + f 2 {z)X 2 )dz = X, J 7 h{z)dz + 
^2 J* 7 f2{z)dz for each Ai and A2 G R, f\ and f 2 G C®(U, A r ). Moreover, it is 
left-A-hnear, that is, J^(Xifi(z) + X 2 f 2 (z))dz = Ai J 7 fi(z)dz + A 2 j* 7 f 2 (z)dz 
for each Ai and A2 G -4 r , /1 and f 2 G C®(U, A r ), since /(/, 7; P) is left- 
^4 r -linear. If 5^ G C 1 (C/, ^4 r ), then g^A G C 1 (f/, ^4 r ) for each A 6 A and 
(Dg k (z)X).h = (Dg k (z).h)X for each ft, G *4. r , since DA = 0, in particular, 
for g k such that (dg k (z,z)/dz).l = f k (z) and satisfying 2.5.1.(1) by Lemma 
2.5.1 on U, k = 1,2, since g{ ±z, 2 z) is x^-superdifferentiable. Therefore, 
J 7 (/i(^)Ai + f 2 (z)X 2 )dz = (J J f 1 (z)dz)X 1 + (J 7 f 2 (z)dz)X 2 for each constants 
Ai and A2 G *4. r , consequently, (fk(z).h)X = (f k (z)X)\h for each h G *A r . But 
this certainly does not mean that (/ f(z)dz)X and X(J f(z)dz) are equal. 

2.8. Remark. Let rj be a differential form on open subset C/ of the 
Euclidean space R 2 *™ with values in A r , then it can be written as 

(l) Ti = Y,md^ r , 

where b = ( \ m b) G R 2rm , j b = ( J'61, j b 2 r), ^b k e R, r] T = r] T (b) : 
j^2 r m _^ ^ are g tj mes continuously differentiable ^4 r -valued functions with 
s G N, T = (T(l), T(m)), T(j) = (T(j, 1), T(j, 2')) G N 2r for each j, 
db AT = d V T « A. ..Ad m b AT( > m \ d ib AT ^ = d ibi°' 1] A... Ad i b^ 3 ' 2r \ where 
d j b k := 1, d j b\ = d j b k , d j b k = for each v > 1. If s > 1, then there is 
defined an (external) differential 

d V = J2 (dr}y/d j b k )(-l) aU ' k) db Air+eij ' k) \ 
r,(j,k) 

where e(j, k) = (0, 0, 1, 0, 0) with 1 on the 2 r (j - 1) + fc-th place, 
a(j, k) = {J2 j p=\ J2l=\ v)) + J2v=i ^(i) u )- Now use the relations 

(2) % = ( h + {2 r - 2)~ 1 {- i z + E se s s( j zs*)})/2 and 
J '6 P = (i p (2 r - 2)- l {- iz + E sg ss( j zs*)} - j zi p )/2 for each i p G 6. Then 77 
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can be expressed in variables z. Consider basic elements S = ( 1 S, m S) 
and their ordered product S^ r : = (...( 1 S^ r ^ 2 S^ r ^)...) m r T H, where 

'S ( AS, 3 S 2 r) = (l,<l,i 2 ,...,<2r-l), ^- T W = (...(ij^ij^)...)*^, 

S* = 1. Then Equation (1) can be rewritten in the form: 

(3) i7 = Efrd(S&) AT , 
x 

where 56 = ( % ^ 1 S 2 r V, m &i, m M G «4f m , 

d = 3 Skd J bk, 

d(Sb) AT : = (...((d ^ 1 6) AT « A (d 2 S 2 6) AT ( 2 )) A ...) A (d m S m 6) AT H, 
(d "&) AT ( W > := (...((d "S 1 ! "6 1 ) T ^ 1 )A(d V S 2 v b 2 ) r W>)A...)A(d v S 2 r % 2 r) r ^ 2r \ 
£x := Vt(S )*. Relative to the external product d J &i anticommutes with 
others basic differential 1-forms ■'Skd 3 bk, for k — 2, 2 r these 1-forms com- 
mute with each other relative to the external product. This means that the 
algebra of Cayley-Dickson algebra differential forms is graded relative to the 
external product. 

From Equation (2) it follows, that 

(4) dh = (dz + d(2 r - 2)- 1 {-z + E se s s(zs*)})/2, 
db p = (di p (2 r — 2)~ 1 {— z + J2 se i, s(zs*)} — dzi p )/2 for each i p e b. Therefore, 
the right side of Equation (3) can be rewritten with d 3 zi p , di p ((s 3 z)s*) on 
the right side, where i p G ...,i 2 r-i}, s e b. Here we can use also di p 3 z 

and d((2 r — 2)~ 1 { — 3 z + E s6 s s ( J '^ s *)})*p depending on the considered rep- 
resentation either z or z or (z, 5) of functions and differential forms. These 
1-forms do neither commute nor anticommute, since they are not pure ele- 
ments of the graded algebra. For example, 
d 3 z A d 3 z = 2 T,i< v <k<2r-i ivikd 3 b v+1 A d 3 b k+1 ; 

(d 3 z) Ap = p\ T,i<v(i)<...<v( P )<2r-i(---(iv(i)iv{2))---)iv(p)d 3 b v{1)+1 A... Ad 3 b v{p)+1 
for each 3 < p < 2 r . On the other hand Equation (1) can be rewritten using 
the identities (2). This shows, that the exterior differentiation operator j± r d 
for ^4 r -valued differential forms over A r and that of for their real realiza- 
tion R,d coincide and their common operator is denoted by d. Consider the 
equality 

(dr]r/d 3 b l ) 3 b l A db T = [(dr] r /d 3 z).(d j z/d 3 b 1 )} 3 b l A db T 
+[(drj T /d j z).(d j z/d %)] 3 b l A db T . 
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Applying it to I = 1, 2 r and summing left anf right parts of these equalities 
we get drj(z,z) = {{dr]/dz).d z) A db r + ((drj / dz) .d ^ z) A db r , hence the 
external differentiation can be presented in the form 

(5) d = d z + d- z , 

where d z and d z are external differentiations by variables z and z respectively. 

Certainly for an external product r/x Ar/ 2 there is not (in general) a A G A r 
such that Xi]2 A r/x = r^ A r/ 2 , if r\\ and r/ 2 are not pure elements (even or odd) 
of the graded algebra of differential forms over A r . 

2.9. Definition. A Hausdorff topological space X is said to be n- 
connected for n > if each continuous map / : S k — > X from the k- 
dimensional real unit sphere into X has a continuous extension over 

for each k < n. A 1-connected space is also said to be simply connected. 

2.10. Remark. In accordance with Theorem 1.6.7 [31] a space X is re- 
connected if and only if it is path connected and iTk(X, x) is trivial for every 
base point x G X and each k such that 1 < k < n. 

Denote by Int(U) an interior of a subset U in a topological space X, 
by cl(U) — U a closure of U in X. For a subset [/ in A r , let 7i s ,p,t{U) : = 
{m : z G C/, z = J2veb w v v, u = w s s + Wpp} for each s ^ p G b, where 
* : = T,veb\{s, P } w vV £ A,s, P := G A : z = T,veb w vV, w s = w p = 0, 
w v G R Vf G b}. That is, geometrically 7r SjP)t (C/) is the projections on 
the complex plane C sp of the intersection of U with the plane 7f SjPj t 9 t, 
C SjP := {as + 6p : a, 6 G R}, since sp* G 6. 

2.11. Theorem. Let U be a domain in A r , r > 3, such that ^ 
Int{U) C U C cl(Int(U)) and U is (2 r — 1)- connected; it s , p j(U) is simply 
connected in C for each k = 0, 1, 2 r ~ 1 — 1, s := i2fc; P := ^2fe+i, t G ^4 r , s , p 
and m G C SjP /or which there exists z = u + t G £7 (see §2.10). Suppose 
f G Cf}(U, A r ) and f is superdifferentiable by z £ U and f has a continuous 
extension on an open domain W such that W D U . Then for each rectifiable 
closed path 7 in U a Cayley-Dickson line integral f J f(z)dz = is equal to 
zero. 

Proof. In view of Proposition 2.3 / is ^-represented and d z f — on U. 
Therefore, £( iz, 2%) is independent from 2 z, where ^ is the corresponding 
to / function from §2.5, consequently, g( iZ, 2 z) is also independent from 
2 z and we can write g(z) shortly. For a path 7 there exists a compact 
canonical closed subset in A r : W C Int(U) such that 7QO, 1]) C W , 
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since 7 is rectifiable and A r is locally compact. In view of Theorem 2.7 for 
each sequence of functions f n G C l (U,A r ) converging to / in C®(U, A r ) such 
that f n (z) = (dg n (z)/dz).l with g n (z) G C 2 {U,A r ) and satisfying conditions 
of §2.5, since £ is independent from 2 z, and each sequence of paths 7 n : 
[0, 1] — > [/ C 3 -continuously differentiable and converging to 7 relative to 
the total variation V(7 — 7„) there exists lim n / f n (z, z)dz = J J f(z)dz. 
Therefore, it is sufficient to consider the case of / G C 1 (f/, A r ) such that 
f(z) = (dg(z) I 'dz).l on U, and continuously differentiable 7, where g G 
C 2 (£7, AO satisfies conditions of §2.5. Denote the integral f f(z)dz by Q. 
We can write this integral in the form Q = J^(dg(z)/dz).'y'(t)dt. Write / in 
the form: 

/ = E S Gb/ s s = Ej = o _1 /2/3,2/3+i, where f^ v := f ifj i p + f iv i v , f s E~R for 
each s G b. Therefore, 

d 1 {t) = i{t)dt = Ej^-Viwy+i (*)<**■ The condition 7(0) = 7(1) is 
equivalent to 72^,2^+1 (0) = 72j,2j+i(l) for each j = 0, 1, 2 r_1 — 1. We have 
7/3,,/ C itp, v ,t(U) for each /3 7^ z/ G b. The multiplication in A r is distrbutive, 
consequently, 

{dg{z)/dz).{d' 1 {t)) = EZ:i- 1 (dg(z)/dz).(d^ k , 2k+1 (t)). 
In view of the Hurewicz isomorphism theorem (see §7.5.4 [31]) H q (U,x) = 
for each x G U and each q < 2 r , hence H l (U, x) — for each / > 1. 

If / : y — > V is continuous, then r o / : Y — > Q is continuous, if / is 
onto V, then r o / is onto f2, where r : V — > is a retraction, V, y and 
Q are topological spaces. The topological space U is metrizable, hence for 
each closed subset in U there exists a canonical closed subset V C U such 
that V D Q and fi is a retraction of V, that is, there exists a continuous 
mapping r : V — > il, r(z) = z for each z G fi (see [9] and Theorem 7.1 [16]). 
Therefore, if V is a (2 r — l)-connected canonical closed subset of U and Q 
is a two dimensional C°-manifold such that is a retraction of V, then f2 
is simply connected, since each continuous mapping / : S k — > Q with fc < 1 
has a continuous extension / : R k+1 — > V and r o f : R k+1 — > Q is also a 
continuous extension of / from S h on R k+1 . 

From (2 r — l)-connectedness of U it follows, that there is a two dimensional 
real differentiable manifold Q contained in U such that dQ = 7. This may 
be lightly seen by considering partitions Z n of U by Sf k fl C/ and taking 
n — > 00, where are parallelepipeds in ^4 r with ribs of length n -1 , /, fc 
and n G N, two dimensional faces iS™ and 2 r_1 -dimensional faces 2^ of 
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Sf k = iSJ 1 x 2 S k are parallel to C SjP or A ryS , P with s = i 2 k and p = i 2 k+i 
respectively such that there exists a sequence of paths 7„ converging to 7 
relative to \ *\a t an d a sequence of (continuous) two dimensional C°-manifolds 
tt n with dtt n = 7 n , tt n C Ui, k [(d iS?) x (9 2 S£)]. Choose Q orientable and of 
class C 3 as Riemann manifolds such that taking their projections on C StP the 
corresponding paths 72fc,2fc+i and regions f2 S)P in C S)P satisfy the conditions 
mentioned above in this proof. 

To the appearing integrals the classical (generalized) Stokes theorem can 
be applied (see Theorem V.l.l [36]): 

Jn 2fc , afc+1 v(v) = Jo(dg(z)/dz).'y' 2k)2k+1 (t)dt, 
where Cl 2k)2 k+i is the simply connected domain in Cj 2fcj j 2fc+1 such that dQ 2 k, 2 k+i = 
72fc,2fc+i for each k, rj(v) = d[(dg(z)/dz).dv], v = z 2kt2k+1 G Vt 2ky2k +i C 
C * 2fc ,W The function g is in C 2 (U, A r ), hence (D 2 g(z)).(h±, h 2 ) := (D 2 g(z)).(h 2 ,h l ) 
for each ft^ and /i 2 in „4 r . Therefore, due to conditions of §2.5 imposed on g 
we have 

In 2k , 2k+1 V(v) = fn 2k , 2k+1 d[{dg{z)/dz).dv\ = J Q2k 2k+i d 2 q(z 2k , 2k+ i) = 
for each k — 0, 1, 2 r_1 — 1, since 

(dg(z)/dz).'y' 2kt2k+1 = (dg(z)/dz).(s(~f' 2k + i 2k+1 s*p)), such that 

■1 ' 2k,2k+l — 

{dg{z)/dw s ).i 2k + (dg(z)/dw p ) 
= {dg{z)/dz 2K2k+1 ).(i 2k + i 2k+l s*p), 
dy(z)/dw s = (dy(z)/dz 2k>2k+1 + dy(z)/dz 2kj2k+1 ).l and 

dy(z)/dw p = (dy(z) / dz 2 k, 2 k+i—dy(z) / dz 2 k, 2 k+i) - (s*p) for each z-superdifferentiable 
function y on U and dg(z) / dz 2k>2k+ \ = 0, where g corresponds to g\n 2k2k+1 , 

S = l2k, P = «2fc+l- 

2.12. Definitions. A continuous function on an open domain U in A r 
such that 7^ U and / /dz = for each rectifiable closed path 7 in U, then 
/ is called ^4 r -integral holomorphic on U (see §2.5). 

If / is a z-superdifferentiable function on U, then it is called ^4 r -holomorphic 
on U. 

2.13. Corollary. Let f be A r -holomorphic function on an open (2 r — 1)- 
connected domain U in A r such that n s;p ^{U) is simply connected in C SjP 
for each t G Ar, s ,p and u G C SjP; s := i 2 k, p :— i 2 k+i for which there exists 
z = t + u G U , then f is A r -integral holomorphic. 

This follows immediately from Theorem 2.11. 

2.14. Definition. Let U be a subset of A r and 7 : [0, 1] — > A r and 7x : 

[0, 1] — > «4 r be two continuous paths. Then 70 and 71 are called homotopic 
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relative to U, if there exists a continuous mapping 7 : [0, l] 2 -> C/ such that 
7([0, 1], [0, 1]) C [/ and 7(4, 0) = 70(f) and 7(f, 1) = 71(f) for each f G [0, 1]. 

2.15. Theorem. Let W be an open subset in A r , r > 3, and f be an 
A r -holomorphic function on W with values in A r . Suppose that there are 
two rectifiable paths 70 and 7 X in W with common initial and final points 
(7o(0) = 7i(0) and 7o(l) = 7i(l)j homotopic relative to U, where U is a 
(2 r — \)-connected subset in W such that 7r S)P)t (C/) is simply connected in C 
for each t G A r , s , P and u G C S)P , s = % 2k , P = %2k+\, k = 0,1,..., 2 r ~ 1 -1, for 
which there exists z = u + t G U . Then f fdz = / fdz. 

Proof. A homotopy of 70 with 71 realtive to U implies homotopies of 
(70)2^,2^+1 with (7i) 2 j,2j+i relative to n 2 j,2j+i,t(U) in C SjP with s = i 2 j and 
p = i 2 j+i for each j — 0,1, 2 r ~ 1 — 1 for each t G A r , s ,p an d u G C SjP for which 
there exists z = t + u G U. Consider a path ( such that ((t) = 70 (2t) for 
each < t < 1/2 and ((f) = 7i(2 - 2t) for each 1/2 < t < 1. Then C is a 
closed path contained in a [/. In view of Theorem 2.11 f(z)dz = 0. On the 
other hand, f ( f(z)dz = J Jo f(z)dz - J* 7l f(z)dz, consequently, J Jo f(z)dz = 

S-n f( z ) dz - 

2.15.1. Corollary. Let f G C 1 satisfies conditions of Theorem 2.15. 
Then for each z G U there exists (d(f f(Qd()/dz).h = f(z).h for each 
h G A r , where 7(0) = Zq, 7(1) = z, Zq is a marked point in U . 

2.16. Theorem. Let f be a A r locally z-analytic function on an open 
domain U in A™, then f is A r -holomorphic on U. 

Proof. From the definition of the superdifferential we get (Dz n ).h = 
J2k=o z k hz n ~ k ~ l . Using the formula of the superdifferential for a product of 
functions, from §2.7 we obtain, that each / of the form (2.5.i,ii) is superdif- 
ferentiable (by z) when no > in (2.5.U). Using the norm || * | ^-convergence 
of series with respect to z for a given / G C^{U,A r ) we obtain for each 
a G U , that there exists its neighbourhood W , where / is ^4 r -holomorphic, 
hence / is ^4 r -holomorphic on U. 

2.17. Note. In the next section it is shown that an octonion-holomorphic 
function is infinite differentiable; furthermore, under suitable conditions equiv- 
alences between the properties of octonion holomorphicity, octonion integral 
holomorphicity and octonion local z-analyticity, will be proved there too. In- 
tegral (2.5.4) may be generalized for a continuous function q : U — > A r such 
that V(q o 7) < 00. Substituting Az k on q(z k+1 ) — q(z k ) =: Aq k in Formula 
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(2.5.5) we get 



(!) / f(z,z)dq(z) := lim/(/, g o 7; P), where 

(2) /(/, g o 7; P) = ^ z fe+1 ).(Ag fe ). 

In paticular, if 7 G C 1 and g is ^4 r -holomorphic on U, also f(z,z) = 
{dg(z,z)/dz).\, where g G C 1 (?7, A r ), then 

/ f(z,z)dq(z)= f (dg{z,z)/dz).({d z q(z)\ z=l{s) ).^'(s))ds 
J~l Jo 

and\/( 7 )</ 1 |7 / (s)|^. 

Let / : [/ — > ^4 r be an ^4 r -holomorphic function on U, where U is an open 
subset of A™. If there exists an ^4 r -holomorphic function g : U — > ^4 r such 
that = /( z ) f° r eacn z E U, then 5 is called a primitive of /. 

2.18. Proposition. Let U be an open connected subset of A 7 ^, m > 3, 
and g be a primitive of f on U , then a set of all primitives of f is: {h : h = 
g + C,C = const e A m }. 

Proof. In view of Lemma 2.5.1 for each two primitives g\ and g% of / 
for each z G U there exists a ball B C U, z E U, such that (gi — gi)\u — 
const G A m (see §2.7). Suppose h'{z) = for each z G U, then consider 
q(s) := h((l — s)a + sz) for each s G [0,r], where a is a marked point in U 
and B(a,r, A m ) is a ball contained in U, r > 0, z G -B(a, r, v4. m ). Then g is 
correctly defined and q(0) = q(l). Therefore, the set V := {z G U : /i(^) = 
h(a)} is open in U, since with each point a it contains its neighbourhood. 
On the other hand, it is closed due continuity of h, hence V — U, since U is 
connected, consequently, h = const on U . 

3 Meromorphic functions and their residues. 

At first we define and describe the exponential and the logarithmic func- 
tions of octonion variables and then apply them to the investigation of octo- 
nionic residues. Moreover, these studies are accomplished also for variables 
in Cayley-Dickson algebras A r for each r > 4. 
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3.1. Note and Definition. For a variable z G A r with r > 3 put 

oo 

(3.1.) exp(^) := $>7ra!. 

n=0 

In view of Note 2.1 ^ n and hence exp(z) are correctly defined, since real 
numbers commute with each element of A r , n\ G N C R. If \z\ < R < oo, 
then the series (3.1) converges, since |exp(z)| < Y^=q \z n l n ^-\ < exp(i?) < oo. 
Therefore, exp : A r — > -4 r . The restriction of exp on each of the subsets 
Q s := {z : z G „4 r , z = a + bs, a,b G R} is commutative, where s G b, 
b r := b r \ {1}, b := b r , b := b r , but in general two elements Z\ and z 2 G A r 
do not commute and the function exp(^i + z 2 ) on A 2 does not coincide with 
exp^exp^). 

3.2. Proposition. Let z G -4 r; r > 3, be written in the form z = v + M, 
where v G R, M G X r , X r := {r/ E A r : Re(i]) = 0}, then 

(3.2) exp(z) = exp(v) exp(M), where 

(3.3) exp(M) = (cos |M|) + [(sin \M\)/\M\]M 

for M^fl andexp(O) = 1. 

Proof. Consider M G X r and write it in the form M = a + bl, where / = 
i 2 r-i is the element of the doubling procedure of A r from A r -i, a,b G *4, r -i, 
Re(a) = 0. Then 

M 2 = a 2 + a(6Z) + a*(M) - (bl)(bl)* = -(|a| 2 + |6| 2 ), 

since a* = -a, (bl)(bl)* = (bl)*(bl) = (Z6*)(6Z^ 1 ) = b*b = bb*, consequently, 
M 2n = (-|M| 2 )™, M 2n+1 = (-\M\ 2 ) n M for each 1 < n G Z. Therefore, 

oo oo 

exp(M) = 1 + ^(-|M| 2 ) n /(2n)! + ^(-|M| 2 ) n M/(2n + 1)! 

n=l n=0 

= (cos|M|) + [(sin|M|)/|M|]M 

for each M ^ 0, exp(0) = 1. Since lim ^^o sin(0)/0 = 1, where G R, 
then the limit taken in Formula (3.3) while \M\ ^ tends to gives the 
particular case exp(0) = 1. Since v G R commutes with M, [v, M] = 0, then 
exp(f + M) = exp(-y) exp(M). 

3.3. Corollary. If z E A r , r > 3, is written in the form z = J2s£h w sS 
with real w s for each s G b ; then | exp(z)| = exp(t>). 
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Proof. If J2 s =ii w s = this is evident. Suppose J2 s ^i w s 0- 111 view of 
Formulas (3.2, 3.3) 

(3.4) exp(z) = exp(v)A, where A = cos \M\ + [(sin \M\)/\M\]M 

Since A G A, then A* = cos|M| - [(sin \M\)/\M\]M, M* = -M and 
inevitably | exp(z)| = exp(f). 

3.4. Corollary. The function exp(z) on the set X r := {z : z G 
A r , Re(z) = 0} is periodic with (2 r — 1) generators of periods s G 6 r such that 
exp(z(l + 2nn/\z\)) = exp (2) for each ^ z G T r and each integer number 
n. If z G Ar is written in the form z = 2nsM, where M G X r , \M\ = 1, then 
exp(z) = 1 if and only if s G Z. 

Proof. In view of Formulas (3.2, 3.3) exp(sM) = 1 for a given z = sM G 
J r with |M| = 1 if and only if cos(s|M|) = 1 and sin(s|M|) = 0, that is 
equivalent to s G {2im : n G Z}, since |M| = 1 by the hypothesis of this 
corollary. The particular cases of Formula (3.3) are: w SQ ^ and w s = for 
each s ^ s in b := b r , hence s G b are (2 r — 1) generators for the periods of 
exp. 

3.5. Corollary. The function exp is the epimorphism from I r on the 
(2 r — 1) -dimensional unit sphere S' 2r_1 (0, l,^4 r ) := {z : z G A r , \z\ = 1}. 

Proof. In view of Corollary 3.3 the image exp(J r ) is contained in S' 2r_1 (0, 1, Ar)- 
The sphere S' 2r ~ 1 (0, l,A r ) is characterized by the condition J2seb w s = 1 or 
w j + [Mi] 2 = 1, where M 1 G l r . To show that exp(J r ) = S' 2r - 1 (0, l,A r ) it is 
sufficient to find z — v + M, where v G R, M G X r , such that W\ = cos |M|, 
Mi = [(sin|M|)/|M|]M. For this take |M| = arccos^i G [0,tt], since 
Wi G [—1,1] and if \wi\ ^ 1 put M = Mi(l — w 2 ) -1 / 2 arccos ui\. In par- 
ticular, for wi — 1 take M = 0; for wi = — 1 take M = 7rg, where g G 6. 

3.6. Corollary. Each element of the Cayley-Dickson algebra A r , r > 3, 
has a polar decomposition 

(3.5) z = p exp(27r(^ s s)), 
sei> 

where (p s G [—1, 1] for each seb, X) se S^s = 1; P := \A- 

Proof. This follows from Formulas (3.2, 3.3) and Corollary 3.5. 

3.6.1. Definition. Let Aoo denotes the family consisting of elements 

z = T,seh w sS such that z := w 1 - E sg 6^ s s, zz =: \z\ 2 = E sG b w s < °°> 
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where b := := U^ 2 b r = {1, h, h, •••}> b := b\ {1}, w s G R for 

each s. 

3.6.2. Theorem. The family Aoo has the structure of the normed power- 
associative left and right distributive algebra over R with the external invo- 
lution of order two. 

Proof. Let Z^ := {z G Aoo : Re(z) = 0}. Then each M G Z^ is the 
limit of the sequence M r G Z r , also \z\ =: p is the limit of the sequence 
p r := \z r \, where z r G A T . Therefore, z = lim r ^oo z r = lim,,.^ p r {cos \M r \ + 
[(sin|M r |)/|M r |]M r } = p{cos|M| + [(sin \M\)/\M\]M} = pexp(M). Us- 
ing the polar coordinates (p, M) prove the power-associativity. There ex- 
ists the natural projection P r from Aoo onto A r for each r > 2 given by 
the formulas: M r := {E s£br m s s}\M\ [E seSr for £ s6 S r m 2 s + and 

M r = in the contrary case for each M = £ sg £m s s e ^ooi where m s G R 
for each s G 6; then z r := P r (z) = p r {cos|M r | + [(sin \M r \)/\M r \]M r }, 
where p r = (E s gb r ^ 2 ) 1/2 , 2 = T, s eb w sS, lim o ^- +o sin(0)/0 = 1. Then 
lim^oo z r = z relative to the norm \z\ in Aoo- Therefore, for each n G Z 
there exists lim r ^ 00 (p r ) n exp(nM r ) = p n exp(nM) = z n , consequently, A^ is 
power-associative, since each A r is power-associative, cos and sin are contin- 
uous functions. Evidently, Aoo is the R-linear space. The continuity of mul- 
tiplication relative to the norm \z\ follows from the inequalities |£ r 7/ r — ip r (r\ 
< \£ r rj r — £rCr| + \£,r(r — VvCrl < |£| \v ~ C I + 1£ — ^ 1 1 C I and taking the limit with r 
tending to the infinity, since |£ r | < |£| and |£ r rp| < |£ r | \i] r \ for each £ r ,r) r G ^4 r 
and for each r G N. Left and right distributivity (£ + t/^C = £C + V'C an d 
C(£ + VO — C£ + follow from taking the limit with r tending to the 
infinity and such distributivity in each A r . The involution z i— > 5 =: z* 
in „4 r is of order two, since (z*)* = z. It is external, since there is not 
any finite algebraic relation with constants in Aoo transforming the variable 
z G Aoo into z*. The relation z* = lim r ^ 00 (2 r — 2)~ 1 {— z r + J2 se i, r s ( z r s *)} 
= lim r _ >00 (2 r — 2)~ 1 {— z + Y, se b r s ( zs *)} i s °f infinite order. The relations 
of the type z* = l r +i(z r l* +l ) in A r use external automorphism with l r+ i : = 
iy G A r +i \ A r , moreover, the latter relation is untrue for z* and z G Aoo 
instead of z r G A r . 

No any finite set of non-zero constants ai, a n G Aoo can provide the au- 
tomorphism z I— > 5 of ^Ioq. To prove this consider an R-subalgebra Tmi,...,m„ 
of ^4oo generated by {Mi,...,M n }, where dj = \aj\e Mj , Mj G loo- Since 
fll a* = |ai| 2 > 0, then R|ai| 2 = R C T Mi ,...,m„, hence 1 G T Mi ,...,m„- If 



32 



Tmi,...,m„ — R> then it certainly can not provide the automorphism z i— > 5 
of Ax,. Consider Tm 1i ... i m„ 7^ R, without loss of generality suppose ai ^ R. 
There is the scalar product Re(zy) in A^ for each z,y E Aoo- Let 61 be the 
projection of a\ in a subspace of Aoo orthogonal to Rl, then by our suppo- 
sition bi 7^ and b± G X^. Therefore, 6^/|6i| 2 = —1, consequently, is 
isomorphic to C. Certainly, no any A r ,r G N, can provide the automorphism 
z I— > z of ^4oo. Therefore, without loss of generality suppose, that T Mlvii)Mi) 
is not isomorphic to C and a 2 ^ C. If M, N G J r and Re(MN*) = 0, then 
IJV G J r and hence (MN)* = NM = -MN, since A* = -A for each 
A G X r . Let 62 be the projection of M 2 in a susbspace of ^4oo orthogonal to 
T Ml relative to the scalar product Re(zy). Then b 2 7^ by our supposition 
and b 2 G 2^, fr^/l^l 2 = — 1, hence after the doubling procedure with b 2 /\b 2 \ 
we get, that T MltM2 is a subalgebra of At. Then proceed by induction, sup- 
pose T Ml) __ >Mk is a subalgebra of A 2 k, k G N, k < n. Since ^4 2 fe can n °t 
provide the automorphism zi->zof Ax>> suppose without loss of generality, 
that afc + i ^ TM 1 ,...,M k and consider the orthogonal projection bk+i of M^+i 
in a subspace of ^4oo orthogonal to TM 1 ,...,M k relative to the scalar product 
Re(zy). Then bk+\ 7^ and bk+\ G Too, &i + i/|&fc+i| 2 = —1- Then the dou- 
bling procedure with bk+i/ \ bk+i | gives the algebra TM lr ..,M fc+1 which is the 
subalgebra of A 2 k+i, etc. As the result Tmi,...,m„ is the subalgebra of .4.2™ and 
can not provide the automorphism z 1— > 5 of where ai, a n G Tjw li ... i M n 
due to the formula of polar decomposition (see (3.2,3)) of Cayley-Dickson 
numbers. 

3.6.3. Note. From Theorem 3.6.2 it follows, that A^ together with 
C = A\ are two extreme cases, where the conjugation z — > z* is the exter- 
nal automorphism, though the complex field C is easier to work due to its 
commutativity and associativity, than .Aoo which is neither commutative nor 
associative. In view of Definition 3.6.1 and Theorem 3.6.2 preceding results 
can be transferred from the case A r with r > 4 on A^. Definitions 2.1 — 2.2 
are transferrable on Aoo, moreover, in view of algebraic independence of z 
and z* in A.00 we have that z and z* are automatically independent variables 
and having projections P r : Aoo — > A r for each r > 2 justify our definitions 
of C^(U, Ar) and C^(U, Ar), also it justifies axioms of superdifferentiations 
in §2.2. Evidently Propositions 2.2.1, 2.3, 2.6 and Corollary 2.4, Lemma 2.5.1 
are true in the case A.00 with b = instead of b = b r . Definition 2.5 is 
valuable for A.00 also. Theorem 2.7 is true also for A.00, since with the help 
of projections P r we have 7 = lim r _^oo P r (j), P r {l) C U r , {P r {l) : r £ N} 
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converges to 7 uniformly on a compact segment [a, b] C R, 7 : [a, b] — > .Aoo, 
hence the line integral has the continuous unique extension on C®(U, Aoo), 
where U r = P r (U). In Remark 2.8 use / 2 (R) m instead of R 2 *™ and represent- 
ing differential forms rj over Aoo as pointwise limits (or uniform convergence 
on compact subsets) of differential forms over A r while r tends to the infinity, 
since z r — > z while r tends to infinity, where z G .Aoo, ). In general: 

(i) 77(2;, 5) = E/,j^,j{(rf pl ^ A/l aiA...Arf ^ A/ "a n Ad ^ AJl ftA.-Ad ^ Aj "A,}?(m+|J|+2n) 
is the differential form over .Aoo, where each rji t j(z, z) is a continuous func- 
tion on open U n in A 7 ^ with values in Aoo, I — (h, ■ In), J = (Ji, J n ), 

\I\ := h + + la, 1 < Pi < P2 < < Pn € N, 1 < *! < t 2 < ... < t n G N, 

< Ik G Z, < Jk G Z, ak,flk G A.00 are constants for each k = l,...,n, 
d p -2° := 1, d p z° : = 1, n G N, <(£/,) C C/„ for each Z > n, where 
7r^ : A 1 ^ — > A.^ is the natural projection for each Z > n. The convergence on 
the right of Formula (i) in the case of infinite series by / or J is supposed 
relative to the C®(W, A££) topology of uniform convergence on W, where 
W = pr — \im{U n , ir l n , N}, A^ is supplied with the norm topology inherited 
from the adjoint space of all poly R-homogeneous Ax,-additive functional. 

In Remark 2.10 define Aoo, s , P and use projections n s , P ,t for each s ^ p Eh. 
Theorems 2.11, 2.15 and Corollaries 2.13, 2.15.1 are transferrable onto Aoo by 
imposing condition of (2 r — l)-connectedness of P r (U) =: U r for each r > 3, 
considering 7r SjPjt (C/) for each s = i 2 k, P = i2k+i, < k G Z. Then Definitions 
2.12,2.14 and Theorem 2.16, Notes 2.17,3.1 are valid for Aoo also. The 
validity of Corollary 3.3 follows from the proof of Theorem 3.6.2. We also 
have instead of 3.4 and 3.5 the following. 

3.4'. Corollary. The function exp(z) on the set := {z G Aoo '■ 
Re(z) = 0} is periodic with the infinite family of generators of periods s G 600 
such that exp(z(l + 2nn/\z\)) = exp(z) for each 7^ z G loo and each integer 
number n. If z G Aoo is written in the form z = 2nsM , where M G Too, 
\M\ = 1, then exp(z) = 1 if and only if s G Z. 

3.5'. Corollary. The function exp is the epimorphism from on the 
infinite dimensional unit sphere S°°(0, l,A.oo) := {z : z G Aoo, \ z \ — !}■ 

3.7. Note. In the noncommutative A r , 2 < r < 00, case there is the 
following relation for exp and its (right) derivative: 

00 n— 1 

(3.6) eMz)'-h = E E((**)/0* B ~* _1 M 

n=l k=0 
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where z and h G A r . In particular, 



(3.7) exp(z)' .v = v exp(z) 

for each v G R, but generally not for all h G A r - The function exp is periodic 
on A r , hence the inverse function denoted by Ln is defined only locally. 

Let at first 2 < r G N. Consider the space R 2r of all variables (w s : s G b) 
for which exp is periodic on A r . The condition J2 s( zb w s = 1 defines in R 2r 
the unit sphere S 2r ~ 2 . The latter has a central symmetry element C for 
the transformation C{w s : s G b) = (— w s : s G b). Consider a subset 

P = P U U,,, ,,P r ,, of S 2r ~\ where 1 < g < 2'" 1 - 1, of all points 

characterized by the conditions: 

P := {(w s : s G 6) G S 2 ^ 2 : u> s < 0,Vs G &}, 

^■i,...J, := : s G S) G ,S 2r - 2 : w s < 0,Vs G S\ {ji, j'J, u> s > 

0, Vs G {ji, jj}, then PUCP = S" 2 ^ 2 and the intersection P n CP is 
(2 r — 3)-dimensional over R. This sphere S 2r ~ 2 corresponds to the embedding 
Q\ : (w s : s G b) (0, u> s : s G 6) G R 2r . Consider the embedding of R 2r into 

given by 62 '■ (w s : s G b) X)seb w s s ^ A r - This yields the embedding 
6 := 02 o 61 of S 2r ~ 2 into ^4 r . Each unit circle with the center in A r 
intersects the equator 9(S 2T ~ 2 ) of the unit sphere iS' 2r-1 (0, l,A r )- Join each 
point J2 s& b w s s 011 @{.S 2r ~~ 2 ) with the zero point in A r by a line {aJ2 s& b w s s '■ 
s G R+}, where R + := {a 6 R : a > 0}. This line crosses a circle embedded 
into S' 2r ~ 1 (0, l,A r ), which is a trace of a circle {exp(27raM) : a G [0, 1]} of 
radius 1 in A r , where M = J2 se i,w s s. Therefore, ip(s) := exp(i> + 2naM) 
as a function of (v, a) for fixed (w s : s G 6) G S* 2 ^ 2 defines a bijection of 
the domain X \ {aM : a G R + } onto its image, where X is R 2 embedded 
as (v, a) <— > (f + aM) G -4 r , where t> G R. This means, that Ln(z) is 
correctly defined on each subset X \ {aM : a G R+} in A r - The union 
U()o S 'se6)ep{ a S sg 6 w s s : a ^ R+} produces the (2 r — l)-dimensional (over R) 

subset Q := Q U \J q j 1 ,...j q Qj 1 ,...j,, where Q = 0(S ), Q r h := 0(S ju _ Jq ), 

So := R+Po, Sj!,...,j q '■= R+Pji,...,j q i 1 < Q < 2 r_1 — 1. Then, on the domain 
„4 r \ Q, the function exp(z) defines a bijection with image exp(^4 r \ Q) and 
its inverse function Ln(z) is correctly defined on A r \ exp(Q). By rotating 
A r \ Q one may produce other domains on which Ln can be defined as 
the univalued function (that is, Ln(z) is one point in A r ), but not on the 
entire A r . This means that Ln(z) is a locally bijective function. We have 
elementary identities cos(27r — 0) = cos(0) and sin(27r — 0) = — sin(0) for 
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each G R. If < < 2tt, then w\ sin(0) /0 = w-i sin(27r — 0) / (2-7T — 0) if and 
only if wi = — 4>W2/{2ii — 0). To exclude this ambiguity we put in Formula 
(3.3) = \M\ > and > 0. Therefore, Ln(exp(z)) = z on A r \ Q, hence 
using Formulas (3.4, 3.5) we obtain the multivalued function 

(3.8) Ln(z) = ln(\z\) + Arg(z), where Arg(z) := arg(z) + 2naM 

on A r \ {0}, where In is the usual real logarithm on (0, oo), a G Z, 

|z| exp^vrarg^)) = z, ar#(z) := : s E b) E R 2-1 , 

seb 

T, se ' b w s,z < 1) > 0, M = E se foW s s is any unit vector (that is, |M| = 
1) in X r commuting with arg(z) E A r , arg(z) is uniquely defined by such 
restriction on (w s : s E b), for example, M = (arg(z) for any ( G R, when 
arg(z) ^ 0. 

For each fixed M E T r exp(aM) is a one-parameter family of spe- 
cial transformations of A r , that is, exp(aM)r] E A r for each n E A r and 
\exp(aM)\ = 1, where A r as the linear space over R is isomorphic with 
R 2 \ On the other hand, there are special transformations of A r for which 
a = it/2 + irk, but M is variable with \M\ = 1, where k E Z, then 
exp(z) = (— l) k M. To each closed curve 7 in A r there corresponds a closed 
curve P^(j) in a R-linear subspace ^9 0, where is a projection on £, for 
example, 

PrisRs(z) = (z - s(zs))/2 = wi+ w s s for £ = R © Rs, 
Pns(BR P (z) = sPb®K8*p(s*z) = [z -p(s*z(s*p))]/2 = w s s + w p p 
for each s 7^ p E b. Particular cases of such special transformations also 
correspond to w s = for some s E b for M 7^ 0. To each closed curve 7 in A r 
and each a and 6 in A r with ab ^ there corresponds a closed curve (07)6 
in A r - 

Instead of the Riemann two dimensional surface of the complex loga- 
rithm function we get the 2 r -dimensional manifold W, that is, a subset 
of Y^" := IliGZ Yh where Y { = Y for each i, such that each Y is a copy 
of ^4 r embedded into Ar x R 2r 1 and cut by a (2 r — l)-dimensional sub- 
manifold Q and with diffeomorphic bending of a neighbourhood of Q such 
that two (2 r — 1) -dimensional edges \Q and 2Q °f ^ diffeomorphic to 
Q do not intersect outside zero, \Q n 2Q = {0}, that is, the boundary 
<9Q is also cut everywhere outside zero. We have <9Q = Uj e £<9(3 J , where 
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dQ> := {9(w s : s G 6) : Wj = 0,(w s : s G 6) G S U U,,^ S h for 

each j G 6. To exclude rotations in each subspace v + a£ isomorphic with 
R 2 and embedded into R + dQ j , where £ G 9<5 J , £ 7^ 0, we have cut <9Q- 
Then in ^4 r x R 2r 1 two copies Yi and Y i+1 are glued by the equivalence 
relation of 2 Qi with iQi+\ via the segments {a/^M : a^j G R+} such that 
ai,i+i = a2,j for each a/^ G R+ and each given real (w s : s G b) G P with 
se S w s s ; 1^1 — 1- This defines the 2 r -dimensional manifold W em- 
bedded into A r x R 2r_1 and Ln : \ {0} ^ W is the univalued function, 
that is, Ln(z) is a singleton in W for each z E A r \ {0}. 

In the case of Aoo consider a family T of subsets of b = such that 
if A G T, then 6 \ A <£ T, put Q := {M G Too : w s < Vs G A, w s > 
Vs G b \ A, A G T}, where M = E se bW s s, tu s G R for each s 6 b. Then 
dQ = U^dQi, where d Q j ■= {z eQ : Wj = 0}. Consider Y*> = Y\ keN Y k , 
where Y k = Y is a copy of ^Iqo embedded into A^ x / 2 (R) and cut by 
the infinite dimensional submanifold Q and with diffeomorphic bending of 
a neighbourhood of Q such that infinite dimensional edges \Q and 2 Q do 
not intersect outside zero, \Q n = {0}. Then in x ^(R) two copies 
Y& and Y k+ i are glued by the equivalence relation of 2 Q k with iQ k +i via 
the segments {ai >k M : a/^ G R+} such that a^k+i = a 2 ^ k for each a^ k G 
R + and each given M = J2 s£ b w s s e Q n ^(O? l>^oo) w hh |M| = 1, where 
S(zq, PyXoo) := {z G Xqo : |z — z | = p}, p > 0. This defines the infinite 
dimensional manifold W embedded into A^ x Z 2 (R) and Ln : Ax>\{0} — > 
is the univalued function. 

3.8. Remark. In the real case trigonometric and hyperbolic functions 
are different, but defined as functions of the „4 r - variable they are related. 
Put 

cos(v) := [exp(vM) + exp(-uM)]/2, 
sin(u) := [exp(vM) - exp(-vM)]M*/2, 
cosh(f) := [exp(f) + exp(— v)]/2, 
sinh(t>) := [exp(-u) — exp(— v)]/2 
for each v G R, M G l r , \M\ — 1, 2 < r < 00 and 
cos(z) := [exp(z) + exp(— z)]/2 and 

sin(z) := [exp(z) — exp(— z)](z* — z)/[2\z — z*\] for each z G -4 r , where 
z ^ z* in the latter case, then 

cos(f + yM) = cos(v) cosh(y) — sin(t>) sinh(y)M, 
sin(f + yM) = sin(v) cosh(y) + cos(t>) sinh(y)M 
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for each v, y G R and M as above. 

3.8.1. Proposition. Let suppositions of Proposition 2.2.1 be satisfied 
with k = n = m and f o g(z) = z for each z G U, where g : U — > W 
is a bijective surjective mapping, that is, there exists the inverse mapping 
f = g -1 . Then 

{Df(g)\ g=g(z) ).r] = (Dg(z))- 1 .7] for each r] G A n r , 2 < r < oo. If f is 
either z or z or {z,z)- super differentiate, then g is either z or z or (z,z)- 
superdifferentiable respectively. 

Proof. In view of Proposition 2.2.1 {D f{g).{{Dg{z)).h) = h for each 
z G U and each h G A£. Since Dg(z) is R-homogeneous and ^."-additive, 
then DG has an inverse operator, where G = g o o is a diffeomorphism of a 
real domain P in R 2rn corresponding to U, o~(P) = U . Therefore, there exists 
an inverse R-homogeneous v4."-additive operator (Dg(z))^ 1 on A™- Putting 
rj = (Dg(z)).h we get the statement of this proposition. The latter statement 
of this proposition follows from Proposition 2.3, since g is either z or z or 
( l- 2 ) 2-2)1 iz=z, 2Z =i-represented together with /. 

3.8.2. Proposition. Let g : U — > A r , oo > r > 3, be an A r -holomorphic 
function on U, where U is open in A r . If ^ g(U), then there exists the 
Ar-holomorphic function f = 1/g on U such that 

(Df(z)).h = [D(l/g)\ g=g(z) ].((Dg(z)).h) for each h G A r . 
In particular, (Df(z)).h = —£[((Dg(z)).h)£\ for r = 3, A3 = K ; where 

C := i/g. 

Proof. In view of Formulas (3.2,3.3) there exists / = 1/g, that is 
f(z)g(z) = g(z)f(z) = 1 for each z G U, but it does not mean an exis- 
tence of a solution of the equation (ab)z = a in general in A r for r > 4. 
Using Proposition 2.2.1 we get 

(Df(z)).h=(D(l/g)\ g=g(z) ).((Dg(z)).h), 
such that g((D(l/g)).h) = -((Dg).h)/g = -h/g for each h G A r . That is 
D(l/g) exists. If r = 3, A3 = K, then (D(l/g)).h = where ^ := Vf> 

since K is alternative. 

3.8.3. Theorem. The function Ln is A r -holomorphic on any domain 
U in Ar obtained by an A r -holomorphic diffeomorphism of A r \Q onto U, 
where 2 < r < 00. Each path 7 in A r such that j(t) = pexp(2irtnM) with 
t G [0, 1], n G R +; M G T r , \M\ = 1 is closed in A r if and only if n G N, 
where p > 0. In this case 

(3.9) / z- l dz = I d(Lnz) = 2vmM. 

J'y J j 
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Proof. In view of Formulas (3.2, 3.3) each ^ z G A r has z~ x . If U and 
V are two open subsets in A r and g : V — > [/ is an ^4 r -holomorphic diffeomor- 
phism of F onto {7 and / is an ^4 r -holomorphic function on V, then f og~ l is 
.Ar-holomorphic function on U, since (fog~ r y(z).h = (f'(^)\^ = g-if z y(g~ 1 (z))'.h 
for each z E U and each ft G i r (see Propositions 2.2.1 and 3.8.1). Since 
exp is the diffeomorphism from A r \ Q onto A r \ exp(Q), we have that Ln 
is „4 r -holomorphic on Ar- \ Q due to Propositon 3.8.1 and on each of its 
^4 r -holomorphic images after choosing a definite branch of the multivalued 
function Ln(z) (see Formula (3.8)). 

A path 7 is defined for each t e R not only for t G [0, 1] due to the 
existence of exp. In view of Formulas (3.2, 3.3) a path 7 is closed (that is, 
7(t ) = 7(^0 + 1) fo r each t G R) if and only if cos(27rn) = cos(0) = 1 and 
sin(27rn) = 0, that is, n£N. 

From the definition of the line integral we get the equality: / d(Lnz) = 
^(Lnz)' .("f'(t)dt). Considering integral sums by partitions P of [0,1] and 
taking the limit by the family of all P we get, that / d(Lnz) = Arg{^{l)) — 
Arg(^(0)) for a chosen branch of the function Arg(z) (see Formula (3.8)). 
Therefore, J* 7 d(Lnz) = 2imM. 

Since A r is power-associative, then z commutes with itself and we have: 
exp(z)'.z = exp(z)z. Therefore, exp(Ln(z))' .1 = (dexp(77)/d77)|^ = £ n ( z ).(Lri(;z))'.l = 
exp(Ln(z))(Ln(z))' .1, consequently, (Ln(z))'.l = exp(—Ln(z)) = z~ x and 
inevitably 

lim/(z" 1 ,7;P) = lim^ij^Azj = lim ALn(zj) = f dLn(z), 

P P ^ P J>y 

hence j'^z~ l dz = J^dLn^z). That is, J^dLn^z) can be considered as the 
definition of ^ f z~ l dz. 

3.8.4. Notation. Denote an ordered compositions of functions {f\ o f 2 o 
■■■fm} q (m), where q{m) := (q m , ...,(73), q m G N means that the first (the most 
internal bracket of) composition is f Qm o f gm+1 = / ?m (/ 9m+1 ) =: [f qm o f qm+1 ] 
such that to the situation 

(/1 o ... o [/ t o/ t+1 ] 0...0 [f w of w+1 ] o...of m ) with two simultaneous independent 
compositions, but t < w by our definition of ordering there corresponds 
q m = w (apart from the multiplication). After the first composition we get 
the composition of ( '/10...0 '/ m _i), where not less than (to— 2) elements here 
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are the same as in the first composition, then q m ~i corresponds to the first 
composition in this new ordered family of functions, and so on by induction 
from j to j — 1, j — m, m — 1, 3. Since q 2 and qi are unique, we omit them. 
After steps q m , ...,q m -j + i let the corresponding composition be denoted by 
{ 3 g x o ... o 3 g m _ j } q{m _ j) , where 

3 gi, 3 g m -j are resulting composites on preceding steps, some of them may 
belong to the set {/i, f m }. If fi is in the composite on the k = k(l) step, 
then there may be two variants: f\o l g p or l g p o fi, where p = p(l), j = = 
k{l) — 1, °g p := f p . In the first case suppose that dom(fi) C 3 ' g p (dom 3 g p ), 
in the second case let dom( 3 g p ) C fi(dom(fi)) for each / = 1, ...,m. 

3.8.5. Proposition. Let f\,...,f m be a family of A r superdifferentiable 
functions either all by z or all by z or all by (z,z), fj : Uj — > Afi\ Uj is 
open in A^ 3+1 \ t(j) E N for each j = 1, m such that their domains satisfy 
conditions above, where 2 < r < oo. Then 

(i) (D{f 1 of 2 o...of m } q{m) (z)).h = {DM 3 ^g p{1) ).Df 2 ( 3 ^g p{2) )....(Df m (z)).h} q(m) 

for each h G A« m+l \ where Df)( 3 ^g p[l) )4 = {Dfi{r])\ v= m Bm{g) H f or ^ 
£ e Af +1) . Moreover, {f 1 o f 2 

° ••• ° fm}q(m) ^ s superdif) ( erentiable either by z 
or by z or by (z,z) correspondingly. Ifr = 2,A 2 = H, then the composition 
in (i) is associative, for each r > 3 it can be in general nonassociative. At a 
marked point z = a e U m it takes the form: 

(ii) (D{f\ o f 2 o ... o f m } q (m)(z)).h = {Df 1 (rj 1 ).Df 2 (rj 2 )....(Df m (z)).h} q{m) , 

where rji := //(/ /+ i(.../ m _i(/ m (z))...)) for each I = 1, ...,m- 1. 

Proof. For m = 2 this proposition was proved in §2.2.1. Prove this 
proposition by induction and applying Proposition 2.2.1 to pairs of functions 
in appearing compositions. At first mention that the order of composition 
for the differential is essential for Ar with r > 3. The particular case of 
all right superdifferentiable functions shows, that in general (Dfi.Df 2 ).Df 3 
is not equal to Dfi.(Df 2 .Df 3 ), since these operators are right superlinear, 
but multiplication of matrices with entries in the Cayley-Dickson algebra A r 
with r > 3 is not associative. Moreover, these expressions may be different, 
when Dfj are not right superlinear, but only Al^ +r * -additive. 

Let proposition be proved for all n < m, consider {f\ o ... o f m +i) q ( m +i)- 
In it f\ is in the composition on the k(l) step with 3 ^g p (i) of the type 
fi ° 3 ^g P (i), since fi is in the extreme left position. If k(l) = 1, then 
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3{1) 9p(i) = h and 

{fl ° ••• ° fm+l}q(m+l) = {[fl ° f?\ ° ••• ° fm+l}q(m)- 

Applying supposition of induction to composition of functions [/i°/ 2 ], fz,---Jm+i 
and then substituting to it expression of D(fiof 2 ) by Proposition 2.2.1 we get 
the statement of this proposition in the case k(l) = 1. If k(l) > 1, then on 
the k(l) step the composition of /i and ^^g 2 ,..., '■'^ g m +i~j(i) is considered, 
where j(l) = k{\) — 1 > 1, hence m + 1 < m. Applying supposition of 

induction to {f\ o } Wj 2 o...o g m +i-j(i)} q (m+i-j(i)) and then to each 3{1) g p 
while being a nontrivial composition we get the statement of proposition in 
the case k(l) > 1. The last statement also follows by the considered above 
induction from Proposition 2.2.1. 

Set-theoretical composition of functions is independent from brackets, but 
it depends only on order of functions: (fi o f 2 ) o f 3 (z) = (fx o f 2 )(f 3 (z)) = 
fi{fi{fz{z))) — fi ° (^2 ° fs( z )), etc. by induction. A non-associativity in 
general appears after superdifferentiation over A r with r > 3. Since {f\ o 
f2° fm} q (m){z) = fi (/ 2 (- -(fm (z) ) . ..) , then for a marked point z = a e U m 
Formula (i) takes the form (ii). 

In the case of r = 2, A2 = H, each R-homogeneous H-additive operator 
A has the form 

A.h = J2j BjhCj for each h e H n , where the sum by j is finite, 1 < j < 4 
(see formulas in the proof of Theorem 3.28 [27]), where Bj is the n x n 
matrix, h is the n x 1 matrix, A,- is the lxl matrix with entries in H. 
Let Ak be an operator corresponding to Dfkirjk) for a given marked point 
z = a G f/3, A k .h = J2j Bj t khCj : k for each k = 1,2,3, then (AiA 2 )A 3 .h = 
T,j 1 ,j 2 ,j 3 (B jul B j2j2 )(B j3>3 hC j3j3 )(C j2j2 C jul ) = Ej!j 2 j3 Bj u i( y B j2j2 B j . h3 )h(C j3t3 C j2t2 )C jul 
= (Ai.(A 2 A 3 )).h, since the matrix multiplication over H is associative. Ap- 
plying the latter formula by induction, we get, that in the case of H the 
composition in Formula (i) is associative. 

3.9. Theorem. Let f be an A r -holomorphic function on an open domain 
U in A r , 00 > r > 3. If (7 + Zq) and ip are presented as piecewise unions 
of paths 7j + Zq and ipj with respect to parameter 8 G [aj, bj] and 6 G [cj, dj] 
respectively with aj < bj and Cj < dj for each j = 1, ...,n and Uj[aj,bj] = 
[jj[ c j, dj] = [0, 1] homotopic relative to Uj\{z }, where Uj\{z } is a (2 r — 1)- 
connected open domain in A r such that 7r S)P)t (C/j \ {^o}) simply connected 
in C for each s = i 2k , p = i^k+i, k — 0, 1, ...,2 r ~ 1 — 1 (V0 < k G Z and 
P m (Uj \ {zq}) is (2 m — \)-connected for each 4 < m G N if r = 00), each 
t G Ar tS ,p and u G C SjP for which there exists z = t + u G A r . If (7 + Zq) 
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and ip are closed rectifiable paths (loops) in U such that 7(0) = pexp(2ir6M) 
with 9 G [0, 1] and a marked M G T r , \M\ = 1 and z ip. Then 

(3.10) (2K)f(z)M= I /(C)(C-«) -1 dC 

j ip 

for each z G U such that \z — z \ < inf^^i]) |C — z \. If A r is alternative, 
that is, r = 3, A3 = K ; or f(z) G R ; then 

(3.11) f(z) = (2tt)- 1 ( / /(C)(C - zY'dQM*. 

Proof. Join 7 and tp by a rectifiable path u such that z Q u>, which 
is going in one direction and the opposite direction, denoted u~, such that 
ujj U ipj U 7j U cjj +1 is homotopic to a point relative to Uj \ {z } for suitable 
ojj and (Vj+i, where Uj joins 7(%) with ip(cj) and Wj+i joins ip(dj) with 
7(6j) such that z and ^ ^ cjj for each j. Then / /(C) (C ~~ -2) 1( ^C — 
— J - /(C)(C ~~ -2) _1 ^C f° r each j. In view of Theorem 2.15 there is the 

equality - j* 7 _ +2 /(C) (C ~ z )~ ld C = U /(0(C ~ *) _1 dC- Since 7 + z is a circle 
around z its radius p > can be chosen so small, that /(C) = f(z) + a((, z), 
where a is a continuous function on U 2 such that \im^ z a((, z) = 0, then 
/ 7+2 /(C)(C-^)-^C = f, +z f(z)(C-zr 1 dC + 5(p) = 2nf{z)M + 5{p), where 
\5(r)\ < If^aiCzXC-z^dd < 2vr sup Ce7 |a(C,*)|Ci exp(C 2 p 6 ), where d 
and C2 are positive constants (see Inequality (2.7.4)), hence there exists 
lim p ^ ,p>o d(p) — 0. Taking the limit while p > tends to zero yields the 
conclusion of this theorem. If r = 3, that is, A r = K, or f(z) G R, then 
((2n)f(z)M)M* = 2nf(z). 

3.9.1. Corollary. Let f , U, ip, z and z Q be as in Theorem 3.9, then 

\f{z)\ < sup \f(C).h\. 

(Cei>,heA r ,\h\<i) 

3.9.2. Theorem. Let {f n : n G N} be a sequence of Ar-holomorphic 
functions on a neighbourhood W of bounded canonical closed subset U in 
A r , 2 < r < 00, such that Int(U) satisfies conditions of Theorem 3.9 and 
there exists 5 > for which {f n : n G N} converges uniformly on the 5- 
neighbourhood of the topological boundary Fr(U) s of U. Then {f n : n G N} 
converges uniformly on U to an A r -holomorphic function on Int(U). 
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Proof. In view of §2.7 the sequence f n is uniformly converging on 
Fr(U) s Pi W. Consider sections of W by planes i2 m R © i2m+iR for each 
m — 0, 1, 2, ... and rectifiable loops 7 in Fr(U) s nWn(i 2m R®i 2m+1 R). For 
r > 3 consider all possible embeddings of K into A r and such copies of K 
contain all corresponding loops 7. In view of Estimate 2.7.(4) and Theorem 
3.9 the sequence {f n : n G N} converges uniformly on (7 to a holomorphic 
function, since U is of finite diameter. 

3.10. Theorem. Let f be a continuous function on an open subset U of 
A r , 3 < r < 00. If f is Ar-integral holomorphic on U, then f is A r locally 
z-analytic on U . 

Proof. Let zq G U be a marked point and let V denotes the family of all 
rectifiable paths 7 : [0, 1] — > U such that 7(0) = zo, then Uq = {7(1) : 7 G T} 
is a connected component of z in [/. Therefore, g = {7(1), J 7 f(z)dz} is 
the function with the domain L^o- From Formulas (3.2, 3.3) it follows, that 
each 7^ z G Ar has an inverse = zz^ 1 = 1 (this does not mean an 

existence of a solution of the equation (ab)z = a with b 7^ in general in A r 
for r > 4). In view of Proposition 2.2.1 d z (( — z)~ k .1 = k(( — ^)~ fe ~ 1 , since 
= (d z l).h = (d z z k z~ k ).h = ((d z z k ).h)z- k + z k ((d zZ - k ).h) for each h G A r 
and z 7^ 0, 2; G -4 r . As in §2.15 it can be proved, that F(z) := J 7 f(z)dz, for 
each rectifiable 7 in [/, depends only on initial and final points. This integral 
is finite, since 7QO, 1]) is contained in a compact canonical closed subset 
W C U on which / is bounded. Therefore, (d f* f(()d(/dz).h = f(z).h for 
each z <E U and ft, G (<9 J/J f {QdC, / dz) = for each z £ U and ft G ^4 r , 
where z Q is a marked point in U such that 2; and z are in one connected 
component of U, since f z z +Az f(()d( - f z z J(()d( = f(z).Az + e(A*)|A*|, 
where \im& z ^ Q e(Az) = (see §2.5). In particular, f(z).l = f(z) for each 
z G U. Here / is correctly defined for each / G C 1,0 (U, A r ) (see Corollary 
2.15.1) by continuity of the differentiable integral functional on C°(U,A r )- 
For a given z G U choose a neighbourhood W satisfying the conditions of 
Theorem 3.9. Then there exists a rectifiable path ip <zW such that f{z) is 
presented by Formula (3.10). The latter integral is infinite differentiable by 
z such that 

(3.12) 2n((d k F(z)/dz k ).h)M = ( / F(()(d k (( - z)' 1 /dz k ).h)d(), 

Jib 



43 



where h G A k , particularly, for h = (1, 1) =: l® fc : 

(3.13) 2n((d k F(z)/dz k ).l® k )M = k\([ F(()(( - z^dQ, 

J'ti> 

where M G X r , |M] = 1. For simplicity of notation we can omit l® k on 
the left of (3.13). In particular, we may choose a ball W = B(a, R, A r ) : = 
{£ G *4. r : |£ — a| < R} C £/ for a sufficiently small i? > and ^ = 7 + a, 
where 7(5) = pexp(27rtM) with t G [0, 1], < p < /?. If we prove that 
F(^) is „4 r locally ^-analytic, then evidently its z-derivative f(z) will also be 
A r locally ^-analytic. If r > 4, then there exist different embeddings of the 
octonion algebra K into A r (see §3.6.2). Suppose there is a series f(z) : = 
J2j a>j(z — zoYbj converging for \z — z \ < p, where ctj, bj for each j belong to 
the same T a ^ C, ^ a G A r , expansion coefficients do not depend on the 
embedding of T a ^_ 2o into A r , while z — z is varying within the same copy of 
K. Then this expansion is valuable for each z G A r with \z — zq\ < p, since 
different embeddings of K (with generators {1, Mi, M 7 } A r such that 
I I = 1, ReiMiMj) = and \MiMj\ = \Mi\\Mj\ for each i ^ j) into A r give 
all possible values of z G A r with \z — z \ < p. Consider ip such that T^_ a;2 _ a 
has an embedding into K for each ( G ip, which is not finally restrictive due to 
Theorem 2.15. In view of the latter statement using the alternative property 
of K we consider z G B(a, p', A r ) with < p' < p, then \z — a\ < \( — a\ for 
each ( G ip and (C - a - (z - a))' 1 = (1 - (( - a)~ l (z - a)) _1 (( - a) -1 = 
E£L ((C - a)" 1 ^ - a)) fc (C - a)" 1 , where £ ^. Therefore, 

00 

(3.14) 27rF(z)M = £> fc (z), 

fc=0 

where <t> k {z) := ( / F(C)((C - a)-\z - a)) k (( - a)- l d(). 

Thus |0fc(^)| < sup^ e ^, |-F((^)|(p'/p)^ fc for each 2 G .B(a, p', »4 r ) and series 
(3.14) converges uniformly on B(a, p' , A r )- Each function <pk{z) is evidently 
A r locally z-analytic on B(a, p', A r ), hence F(z)M is such too. Since for each 
a G U there is an p' > 0, for which the foregoing holds, it follows that F(z)M 
is the A r locally z-analytic function. Now write f(z) = J2 s eb fs s , where 
f s G R for each s G b. If the loop 7 is nondegenerate, then loops S7, 7s, 
(2 r - 2)-H-7 + E se& s(7S*)} = 7 are nondegenerate. If (2) / 7 /(CR = 0, 
then Lsf(()d( = and Lf(()sd( = (see Theorem 2.7). In view of 
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Formulas 2.8.(2): 

/i = (/+ (2 r - 2)"H-/ + E seir s(fs*)})/2 and 
f p = (i p (2 r - 2)-H-/ + E seSr *(/**)} - /V)/ 2 

for each i p G & r (for r = oo use lim^oo on the right of the latter formulas) 
we have that Condition (i) is equivalent to: / 7 / s (C)^C = f° r eacn s G b. 
Therefore, the proof above shows, that each function 2irf s (z)M is A r locally 
^-analytic, where M is arbitrary in X r , \M\ = 1. But / s (z) G R for each 
z £ U, hence / s (z) = (27r/ s (z)M)(27r) _1 M* = / s (z) is A r locally ^-analytic 
for each s G b, hence / is also Ar locally ^-analytic on U. 

3.11. Note. Theorems 2.11, 2.15, 2.16, 3.10 and Corollary 2.13 estab- 
lish the equivalence of notions of ^4 r -holomorphic, ^4 r -integral holomorphic 
and A r locally z-analytic classes of functions on domains satisfying definite 
conditions. 

3.11.1. Definitions. Let U be an open subset in A r , 2 < r < oo 

and / G C°(U, A r ), then we say that / possesses a primitive g G C l (U,A r ) 
if g'(z).l = f(z) for each z G U. A region U in A r is said to be A r - 
holomorphically simply connected if every function ^4 r -holomorphic on it 
possesses a primitive. 
From §3.10 we get. 

3.11.2. Theorem. If f e C%(U,A r ), 2 < r < oo, where U is (2 r - 1)- 
connected (P m (U) is (2 m — 1)- connected for each 4 < m G N for r = oo); 
n s, P ,t(U) is simply connected in C for each s = i 2 k, P = ^2fc+i inh, t E ^4 r , s , p 
and u G C S)P for which there exists z = t + uEU,U is an open subset in 
A r , then there exists g G C^{U,A r ) such that g'(z).l = f(z) for each z G U . 

3.11.3. Theorem. LetU and V be A r -holomoprhically simply connected 
regions in A r , 2 < r < oo with U n V ^ connected. Then U U V is A r - 
holomorphically simply connected. 

3.12. Corollary. Let U be an open subset in A n r , 2 < r < oo, then the 
family of all A r -holomorphic functions f : U — > A r has a structure of an 
Ar-algebra. 

Proof. If fi(z) = ag(z)P + r yh(z)5 or f2(z) = g(z)h(z) for each z G U, 
where a, /3, 7 and 8 G A r are constants, g and h are ^4 r -holomorphic functions 
on U, then F 1 and F 2 are Frechet differentiable on U by (w s : s G b) (see 
§2.1 and §2.2) and d s fi(z) = a(d 2 g)P + 1 (d s h)8 = and d s f 2 (z) = (d s g)h + 
g(dzh) = 0, hence fi and f 2 are also ^4 r -holomorphic on U . 

3.13. Proposition. For each complex holomorphic function f in a 
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neighbourhood Int(B(q , p,C)), oo > p > 0, of a point q G C and each 
2 < f < oo, s ^ p 6 b r , there exists an A r z- analytic function g on a 
neighbourhood Int(B (a, p, A r )) of a e A r such that s*g S:P (u,t ) = f{v) on 
Int(B(u , p, C)) ; u = s(Re(v) + s*(plm c (v))), where B(x, p, X) := {y G X : 
dx(x, y) < p} is the ball in a space X with a metric dx, a = Uo+to, u G C SjP; 
to G A r , s ,p, u = s(Re(q ) + s*(pIm c (qo))), Im c (v) : = (v - v)/(2i). 
Proof. Among Conditions (2.3.1) there are independent: 

(3.15) dF 1 /d j w p = dF pq */d j w q , 
dFi/d j w q = —dF pq */d j w p 

for each p = i m , q = i m +i £ b r , < m G Z. Consider a homogeneous poly- 
nomial function on an open ball Int(B) in A r such that P n (Xz) = X n P n (z) 
for each A G R, P n : Int(B) — > ^4 r , then P„+i can be written in the form 

(3.16) P n+ i{z) = Y,seh r ;k;j 1 ,...,j k C S ;k;j 1 ,...,j k v{ 1 ■■■Vl k S] 

where v i := w it is the real variable for each I, z = J2 S £h r w sS, < ji G 
Z, < jfc G Z, k G N, jx + ... + j k = n + 1, C S]k . ju ,„ Jk G R is the real 
expansion coefficient for each s,k,j\,...,jk- In view of (2.3.1) a function / 
is right superlinearly ^4 r -superdifferentiable at a point zo if and only if sf is 
right superlinearly ^4 r -superdifferentiable at zq for each s G 6 r . Then (3.15) 
applied to (3.16) gives conditions on coefficients of homogeneous polynomial 
providing its right superlinear superdifferentiability: 

(3.17) Ci- k -j 1 ,...,j m+ i,...,j k (jm + 1) = C pq *-k-j u ...,j m+1+ i,...,j k (j m+ i + 1) and 

Cl;fc;jl,---Jm+i+l,---,jfc(i»n+l + 1) = —C pq *-k-j lt ... t j m +l,...J k (j m + 1), 

for each p = i m , q — i m +i in b r . Since ji + 1 > 1 for each /, then coefficients 
on the right sides are expressible through coefficients on the left, which can 
be taken as free variables. Therefore, for each n > there exists nontrivial 
(nonzero) P n +i satisfying (3.15). Evidently, the R-linear space of all right 
superlinearly ^4 r -superdifferentiable functions is infinite dimensional, since 
for each n there exists a nontrivial solution of the homogeneous system of 
linear equations (3.17). 

Consider first an extension in the class of ^4 r -holomorphic functions with 
a super differential not necessarily right superlinear on the superalgebra A r . 
Since / is holomorphic in Int(B(q , p, C)), it has a decomposition f{t) = 
fn(q—Qo) n , where f n G C are expansion coefficients, q G Int(B(q , p, C)) 
Consider its extension in Int(B(z , p, A r )) such that f(z) = J2^=o fn(z — z ) n , 
z = u + t , u = s(Re(q ) + s*(plm c (q ))), t G A r , s , P - Evidently this 
series converges for each z G Int(B(zo, p, A)) and this extension of / is A r - 
holomorphic, since f n G A r for each n and df/dz = 0. 
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Consider now more narrow class of quaternion holomorphic functions with 
a right superlinear superdifferential on the superalgebra A r - The Cauchy- 
Riemann conditions for complex holomorphic functions are particular cases 
(part) of Conditions (3.15). Having grouped the series for complex holo- 
morphic function / in the series by homogeneous polynomials and applying 
(3.17) we get expansion coefficients for the right superlinear superdifferen- 
tiable extension of / on Int(B(z , p, A)). 

3.14. Proposition. // / is an A r -holomorphic function on an open 
subset U in A r , 2 < r < oo 7 and ker(f'(zo)) = {0} and f'(z ) is right 
superlinear, then it is a conformal mapping at a marked point zq G U , that 
is preserving angles between differentiable curves. If r = 3, A3 = K ; then 
ker(f'(z )) = {0} if and only if f(z ) + 0. 

Proof. Let z Q G U and / be right superlinearly superdifferentiable at z . 
Consider a scalar product (*, *) r in C m as in the introduction, m = 2 r_1 for 
r < 00 or in /2(C) inherited from Aoo, where (x,y)i 2 = lim r ^oo(x r , y r ) r (see 
§3.6.2 also). To the right superlinear operator f'(zo) there corresponds the 
unique bounded operator A on C m or /2(C) respectively such that ker(A) = 
{0}, that is, Ah = if and only if h — 0. If r = 3, then A is invertible if and 
only if f'(zo) 7^ 0, since f'(z ) G Ar and K is alternative: (ab)y = a has the 
unique solution y for each b 7^ in K. In view of the polar decomposition 
(3.5) f'(zo) = pexp(M), where p > and M G X r . Then the adjoint operator 
A* corresponds to pexp(— M), but exp(— M) exp(M) = 1, hence A is the 
unitary operator: A G U(m) or A G U(oo) respectively. Since the unitary 
group preserves scalar product, then f(z) preserves an angle a between each 
two differentiable curves in U crossing at the marked point z : if ip and 
: (—1, 1) — > U are two differentiable curves crossing at a point zq G U, then 
f(mr = f'(z)\ z=m .ip'(6), where cos(a) = ite(^(0), 0'(O))/(^'(O)| |0'(O)|) 
for V'(0) ^ and 0'(O) ^ 0. 

3.14.1. Remark. For each r > 4 the Cayley-Dickson algebra is not 
the division algebra, hence the condition ker(f'(z )) = {0} is essential in 
Proposition 3.14. 

3.15. Theorem. Let f be an A r -holomorphic function, 2 < r < oo ; 
on an open subset U in A r such that sup zeU heB ^ 1 |[/(^)(C — z)~ 2 \.h\ < 
C/|C - z\ 2 for each ( G A r \ cl(U). Then \f'(z)\ < C/d(z) for each z eU, 
where d(z) := inf CeAAC7 |C - z\; \f(£) - f(z)\/\£ - z\ < 2C/p for each £ and 
z G B(a, p/2, A r ) C Int(B(a, p, A r )) C U, where p > 0. In particular, if 
f is an Ar-holomorphic function with bounded [f(z)(( — z)~ 2 ]\h\( — z\ 2 on 
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A 2 x 5(0,1, Ar) with |C| > 2\z\, that is, sup^^^^^^o^) \[f(z)((- 
z)~ 2 ]\h\ \( — z\ 2 < oo, then f is constant. 

Proof. In view of Theorem 3.9 there exists a rectifiable path 7 in U such 
that 

(3.18) (d k f(z)M/dz k ).h = (2ny\ [ f(()(d k (( - z)' 1 /dz k ).hd() 

for each h G A k , where ~/(t) = p'exp(27rtM) with t G [0, 1], < p'. Then, in 
particular, for h = l 0fc and omitting it for short, we get 

(3.19) (d k f(z)M/dz k ) = fc!(27r)" 1 ( / /(C)(C " zy'-'dC). 

Therefore, |/'(-2)| < C/d(z), since \(d(( — z)~ l / dz).s\ = \( — z\~ 2 for each s G 

b. Since J c z df(z) = /(z)-/(C),then \f^)-f( z )\/\^- z \ < sup zeBMW [C/d(z)\ < 

2C/p, where p' < p/2, £ and z G B(a,p/2,A r ) C Int(B(a, p, A r )) C U. 

Taking p tending to infinity, if / is ^4 r -holomorphic with bounded [f(z)(( — 

z)- 2 ] : .h\( - z\ 2 on A 2 x 5(0,1, Ar) for |C| > 2\z\, then f'(z) = for each 

z G A r , since / is locally ^-analytic and sup CjZ6C/) | C |> 2 | z |^ eB(0il; ^ ) \[f(z)(( - 

z)~ 2 \ .h\ \C — z\ 2 < 00 is bounded, hence / is constant on A r . 

3.16. Remark. Theorems 3.9, 3.10 and 3.15 are the ^.-analogs of the 
Cauchy, Morera and Liouville theorems correspondingly. Evidently, Theorem 
3.15 is also true for right superlinear f(z) on A r for each z G U and with 
bounded f(z).h on U x 5(0,1, Ar) instead of [f(z)(( - z)- 2 f.h\( - z\ 2 . 

3.17. Theorem. Let P(z) be a polynomial on A r , 2 < r < 00, such 
that P(z) = z n+1 + Y^(k)=oi A kiZ k ), where A k = (a lik , a mM ), a u G A r , 
k = (k±, k m ), < kj G Z, i](k) — k\ + ... + k m , < m = m{k) G Z, 
m(k) < rj(k) + I, (A k , z k ) := {a lik z kl ...a mjk z ks } q{m+v{k)) , z° : = 1. Then P(z) 
has a root in A r . 

Proof. Consider at first r < 00. Suppose that P(z) 7^ for each z G A r - 
Consider a rectifiable path 7^ in A r such that 7_r([0, 1]) D A r = [—R,R] 
and outside [—R,R]: 7r(£) = Rexp(2irtM), where M is a vector in 
X r with \M\ = 1, < t < 1/2. Express P through variable z also us- 
ing z* = (2 r - 2)~ 1 {-z + E se i r s(zs*)}. Since lim^i^ooP^)^™- 1 = 1, 
then due to Theorem 2.11 lim^^ j lR (PP)- 1 (z) dz = j R R (PP)- l (v)dv = 
f R R \P(v)\- 2 dv > 0. But \im R ^ 00 l jR {PP)-\z)dz = lim^nR- 2 ^ 1 = 0. 
On the other hand, J R R \ P{v )\~ 2 dv = if and only if \P(v )|~ 2 = for each 
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v G R. This contradicts our supposition, hence there exists a root zq £ A r , 
that is, P(zo) = 0. In the case r = oo use that z = lim^oo z r . 

3.18. Theorem. Let f be an A r -holomorphic function on an open 
subset U in A r , 2 < r < oo. Suppose that e > and K is a compact subset 
of U. Then for each M G X r , \M\ = 1, there exists a function <?m(z) = 
Poo{z) + Efe=i p k[{z - a k )~ l ], z e A r \ {ai, a u }, v G N, wnere P^ and P, 
are polynomials, a,j G Fr{U), Fr(U) denotes a topological boundary of U in 
A r , such that \f(z)M — gu{z)\ < e for each z G K. If r = 2 or r = 3, then 
this statement is true for M = 1 also. 

Proof. Consider cubes Sj with ribs parallel to the basic axes and of 
length n~ l in A r and putting S := UjSj such that K C Int(S), where n G N 
tends to infinity. Since / is ^4 r -holomorphic and K is compact, we may apply 
Formula (3.10) to each 7 C Fr(Sj) defined by directing vector M G X r , 
\M\ — 1. It can be seen, that / can be approximated uniformly on K by a 
sum of the form ELi{( a i,fc(Cfc - z)- l a 2)k )} q {-i), where a jik G A r , ( k G Fr(Sj). 
For a given n G N if b G Fr(Sj), then there exists a G Fr(Uj) U dB(0, p, A r ) 
such that |6 — a| < If z G K and |z — a\ > then the series 

(z — 6)" 1 = (Efclotl- 2 — — a )] fe )(-2 — a)" 1 converges uniformly on K and 

it is clear that fM can be approximated uniformly on K by a function of the 
indicated form. In particular, for r = 2 or r = 3 the equation (ab)y = a has 
a solution for each b 7^ in A r , that gives approximation of / by gi^M* ' . 

3.19. Note and Definitions. Consider a one-point (Alexandroff) com- 
pactification A r of the locally compact topological space Ar for 2 < r G N. It 
is homeomorphic to a unit 2 r -dimensional sphere S 2r in the Euclidean space 
R 2r+1 . In case r = 00 consider a unit sphere S°° with centre in in R © Aoo 
such that Aoo is topologically homeomorphic to S°° \ {(1, 0, 0, •••)}. If C is a 
point in S 2r or S°° different from (1, 0, 0, ...), then the straight line containing 
(1, 0, 0, ...) and ( crosses its in a finite point z, where 7is is the 2 r -dimensional 
or oo-dimensional respectively plane orthogonal to the vector (1, 0, 0, ...) and 
tangent to S 2r or S°° at the south pole (—1,0,0, ...). This defines the bijec- 
tive continuous mapping from S 2r \ {(1, 0, 0, ...)} or S°° \ {(1, 0, 0, ...)} onto 
7Ts such that (1,0,0, ...) corresponds to the point of infinity. Therefore each 
function on a subset U of A r as a topological space can be considered on 
the homeomorphic subset V in S 2r or S°°. The infinite dimensional sphere 
S°° is not (locally) compact relative to the norm topology, but it is compact 
relative to the weak topology inherited from l 2 (see [9, 28]). 

Let zq G A r be a marked point. If a function / is defined and A r - 
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holomorphic onl / \ {zq}, where V is a neighbourhood of zq, then zq is called 
a point of an isolated singularity of /. 

Suppose that / is an ^4 r -holomorphic function in B(a,0, p, A r ) \ {a} for 
some p > 0. Then we say that / has an isolated singularity at a. Let 
B(oo,p, A r ) := {z G A r such that < \z\ < oo}. Then we say that / has 
an isolated singularity at oo if it is ^4 r -holomorphic in some B(oo, p, A r ). 

Let f : U — > A r be a function, where U is a neighbourhood of z G -4 r . 
Then / is said to be meromorphic at z if / has an isolated singularity at 
z. If U is an open subset in A r , then / is called meromorphic in U if / is 
meromorphic at each point z G U. If U is a domain of / and / is meromorphic 
in U, then / is called meromorphic on U. Denote by M(£7) the set of all 
meromorphic functions on U. Let / be meromorphic on a region U in A r . A 
point 

cg n ci(f(u\v)) 

vcu,v is closed and bounded 

is called a cluster value of /. 

3.20. Proposition. Let f be an A r -holomorphic function, 2 < r < oo, 
with a right A r -superlinear superdifferential on an open connected subset U C 
A r and suppose that there exists a sequence of points z n G U having a cluster 
point z G U such that f(z n ) = for each n G N 7 then f = everywhere on 
U. 

Proof follows from the local z-analyticity of / and the fact f^ k \z) = 
for each < k G Z (see Defmiton 2.2, Theorems 2.11 and 3.10), when f'(z) is 
right ^4 r -superlinear on U . Therefore, / is equal to zero on a neighbourhood 
of z. The maximal subset of U on which / is equal to zero is open in U . On 
the other hand it is closed, since / is continuous, hence / is equal to zero on 
U, since U is connected. 

3.21. Theorem. Let A denote the family of all functions f such that 
f is A r -holomorphic on U := Int(B(a, p, R, A r )), 3 < r < oo, where 
a is a marked point in A r , < p < R < oo are fixed. Let S denote 
a subset of Z N such that for each k G S there exists m(k) := max{j : 
kj ^ 0, hi = for each i > j} G N and let B be a family of finite sequences 
h = (h,i, -,&fe,m(fe); q(m(k) + r)(k))) such that b kJ G A r for each j = 1, ...,n, 
n G N 7 q(m(k)+T](k)) as in §2.1. Then there exists a bijective correspondence 
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between A and ( G B s suc/i t/iat 

(3.20) lim sup |{( fo fe> ^ fc )}«?Mfc)+^(fe)) I = 

/or eacn pi and R x such that p < p 1 < Ri < R, where r)(k) := k x + ... + 
k m {k), C(k) =: h = (6 fc> i, ■■■,b kMk) ;q(m(k) + rj(k))), {(b k , z k )} q{m(k)+v{k)) = 
{b k ^z k \.\ Mk) z k ^ k )} q{m{k)+v{k)) for each k G S ; that is, f G A can 6e pre- 
sented 6y a convergent series 

(3.21) /(z) = ^{(6 fe ,z fe )}g( m(fc ) +r ,(fe)). 
bee 

Proof. If Condition (3.20) is satisfied, then the series (3.21) converges 
on B (a, p', R', A r ) for each p' and i?' such that p < p' < R' < R, since p x and 
R\ are arbitrary such that p < pi < R\ < R and P n converges for each 
|p| < 1. In particular taking pi < p' < R' < Ri for p = R'/Ri or p = pi/p'. 
Therefore, from (3.20) and (3.21) it follows, that / presented by the series 
(3.21) is A-holomorphic on U. 

Vice versa let / be in A. In view of Theorems 2.11 and 3.9 there are 
two rectifiable closed paths 71 and 72 such that 72^) = a + p' exp(27rtM2) 
and 7i(t) = a + R' exp(27rfMi), where t G [0,1], M x and M 2 G A with 
I Mi I = 1 and |M 2 | = 1, where p < p' < R' < R, because as in §3.9 U can be 
presented as a finite union of regions Uj each of which satisfies the conditions 
of Theorem 2.11. Using a finite number of rectifiable paths Wj (joining 7! 
and 72 within Uj) going twice in one and the opposite directions leads to the 
conclusion that for each z G Int(B(a, p' , R' , A r )) the function f(z)M with 
M = Mi = M2 is presented by the integral formula: 

(3.22) f(z)M=(2n)- l {([ /(C)(C - z^dQ ~ ( / /(C)(C - ^C)}- 

On 71 we have the inequality: \(( — a)^ 1 (z — a)\ < 1, on 72 another inequality 
holds: \(( — a)(z — a)^ 1 \ < 1. In view of §3.6.2 as in §3.10 considering different 
possible embeddings T^_ a z _ a C K into A r and using alternative property of 
the octonion algebra K we get, that for 7! the series 

00 

k=0 
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converges uniformly by ( G B(a, R2 + e, R±,A r ) and z G -B(a, P2, R2, A r ) for 
£ and z such that T^_ a;2 _ a K, while for 72 the series 

00 

(C - z)- 1 = -(* - «)- 1 (E((C -<*)(*- 

fc=0 

converges uniformly by ( G £>(a, pi, P2 — e, -Ar) and 2; G -B(a, P2, -R2, -Ar) for ( 
and z such that T^_ ajZ _ a <^-> K, for each p' < P2 < R2 < R' and each < e < 
min(p2 — pi, i?i — R2), since expansion coefficients by ((£ — a) _1 (,2 — a)) in the 
first series and by ((C - a)(z — a)' 1 ) in the second series are independent from 
the type of embedding. Consider corresponding 7x and 72 such that ( G 71 or 
C G 72 respectively and a, (, z are subjected to the condition T^_ a z _ a <^-> K, 
which is not finally restrictive due to Theorem 2.15. Consequently, 

00 

(3.23) f(z)M = + ^ fc (z)), where 

fc=0 

M*) ■= i^r'i I /(0(((C - a)" 1 ^ - «)) fc (C - a)' l )d()}, 
^(z) := (2vr)- 1 { / /(C)((z - a)" 1 ^ -a)(z- a)" 1 )^)}, 

and where (j>k(z) and ^fcl- 2 ) are -4 r -holomorphic functions, hence fM has 
decomposition (3.21) in U, since due to §2.15 and §3.9 there exists 5 > such 
that integrals for <pk and ipk by 71 and 72 are the same for each p' G (pi, pi+5), 
i?' G (i?i — 5, i?i). Using the definition of the A r line integral we get (3.21) 
converging on U. Varying z G U by |z| and Arg(z) we get that (3.21) 
converges absolutely on U, consequently, (3.20) is satisfied for fM. Since 
M G Ar, \M\ = 1, is arbitrary, then as in the proof of Theorem 3.10 we get 
the statement of this theorem for /. 

3.22. Notes and Definitions. Let 7 be a closed curve in A r . There 
are natural projections from A r on complex planes: n s (z) — w 1 + w s s for 
each s G b r , where 2 < r < 00, z = J2 s eb r w sS with real w s for each s G b r . 
Therefore, ^(7) =: 7 S are curves in complex planes C s isomorphic to R©Rs. 
A curve 7 in A r is closed (a loop, in another words) if and only if 7 S is closed 
for each s G b r , that is, 7(0) = 7(1) and 7 S (0) = 7 S (1) correspondingly. In 
each complex plane there is the standard complex notion of a topological 
index In(a s ,^ s ) of a curve 7 S at a s = n s (a). Therefore, there exists a vector 
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In(a,j) := {In(a s ,~f s ) : s G b r } which we call the topological index of 7 at 
a point a E A r - This topological index is invariant relative to homotopies 
satisfying conditions of Theorem 3.9. Consider now a standard closed curve 
7 ( s ) = a + pexp(2ntnM), where M G Z r with \M\ = 1, n G Z, p > 0, 
* G [0, 1]. Then In{a^) := {2'K)- 1 (j 1 dLn{z - a)) = nM is called the A r - 
index of 7 at a point a. It is also invariant relative to homotopies satisfying 
the conditions of Theorem 3.9. Moreover, Jn(/ii(a/i 2 ), ^1(7^2)) = ^(0,7) for 
each /ii and /i 2 G AA{0} sucn that hi(Mh 2 ) = M. For M = Z) sg s r ^ s s there 
is the equality 7n(a, 7) = S s6 S I n (. a s,ls)m s s (adopting the corresponding 
convention for signs of indexes in each C s and the convention of positive 
directions of going along curves). In view of the properties of Ln for each 
curve ip in A r there exists / dLn(z — a) = 2nqM for some q G R and M G X r 
with |M| = 1. For a closed curve ip up to a composition of homotopies each of 
which is charaterized by homotopies in C s for s G b r there exists a standard 
7 with a generator M for which In(a, , ~f) = qM, where q G Z. Therefore, 
we can take as a defmiton In(a,ip) = In(a, , ~f). Define also the residue of a 
meromorphic function with an isolated singularity at a point a G A r as 

(i) res(a,f)M := (2tt)- 1 (/ 7 f(z)dz), where 7(f) = a + pexp(27rtM) C V, 
p > 0, |M| = 1, M G J r , t G [0, 1], / is A-holomorphic on V \ {a}. Extend 
res(a, /)M by Formula (i) on X r as 

(ii) res(a, f)M := [res(a, f)(M/\M\)]\M\, VM ^ 0; res(a, f)0 := 0, 
when res(a, f)M is finite for each M G X r , |M| = 1. For r = 2 or r = 3 the 
equation for res(a, f) can be resolved for each M^0. 

If / has an isolated singularity at a G A r , then coefficients b k of its 
Laurent series (see §3.21) are independent of p > 0. The common series is 
called the a-Laurent series. If a = 00, then g(z) := f(z~ r ) has a 0-Laurent 
series c& such that = bk- Let /3 := sup fefe _^ r)(k), where r)(k) = k\ + ... + k m , 
m = m{k) for a = 00; j3 = mfb k ^ rj(k) for a 7^ 00. We say that / has a 
removable singularity, pole, essential singularity at 00 according as j3 < 0, 
< j3 < 00, (3 = +00. In the second case (3 is called the order of the pole 
at 00. For a finite a the corresponding cases are: f3 > 0, —00 < /3 < 0, 
(3 = —00. If / has a pole at a, then \/3\ is called the order of the pole at a. 

A value of a function df(a) := inf{^(A;) : bk 7^ 0} is called a divisor 
of / at a 7^ 00, <9/(a) := inf{— r](k) : 6^ 7^ 0} for a = 00, where bk 7^ 
means that fr^i 7^ 0,....,6fe )m (fc) 7^ 0. Then df +g (a) > mm{df(a),d g (a)} for 
each a G dom(f) fl dom(g) and df g (a) = df(a) + d g (a). For a function / 
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meromorphic on an open subset U in A r the function df(p) by the variable 
p e U is called the divisor of /. 

3.23. Theorem. Let U be an open region in A r , 2 < r < oo ; with n 
distinct marked points pi, ...,p n , and let f be an A r -holomorphic function on 
U \ {pi, ■■■iPn\ ='■ Uq and ip be a rectifiable closed curve lying in Uq such that 
Uq satisfies the conditions of Theorem 3.9 for each z e {pi, ...,p n }. Then 

r n 

/ f(z)dz = 2tt res(pj, f)In(pj, if>) 
H j=l 

and res(pj, f)M is the ^-homogeneous T r -additive (of the variable M in T r ) 
A r -valued functional for each j . 

Proof. For each pj consider the principal part Tj of a Laurent series for 
/ in a neighbourhood of pj, that is, 

Tj(z) = £fc,„(k)<o{(&fc» (z - Pj) k )} q (m(k)+ V (k)), where rj(k) = h + ... + k n for 
k = (ki,...,k n ) (see Theorem 3.21). Therefore, h(z) := f(z) — J2jTj(z) is a 
function having an „4. r -holomorphic extension on U. In view of Theorem 3.9 
for an „4. r -holomorphic function g in a neighbourhood V of a point p and a 
rectifiable closed curve ( we have 

g(p)in(p,() = (2vr)- 1 (/ g(z){z-p)- x dz) 

(see §3.22). We may consider small Q around each pj with In(pj,Q) = 
iri(pj,7) for each j = l,...,n. Then f^.f(z)dz = J^_Tj(z)dz for each j. 
Representing Uq as a finite union of open regions Uj and joining Q with 7 by 
paths Uj going in one and the opposite direction as in Theorem 3.9 we get 

j f(z)dz + Y: j_f(z)dz = 0, 

consequently, 

J f(z)dz = J f(z)dz = 2nres(pj, f)In(pj,i), 

where In(j)j,^) and res(j)j,f) are invariant relative to homotopies satisfy- 
ing conditions of Theorem 3.9. Since f^. g(z)dLn(z — Pj) is R-homogeneous 
and X r -additive relative to a directing vector M G X r of a loop Q, then 
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res(pj, f)M defined by Formulas 2.22. (i, ii) is R-homogeneous X r -additive of 
the argument M in X r . 

3.24. Corollary. Let f andT be the same as in§3.23, thenres(pj, f)M = 
res{p j ,T j )M = res(p j: J2kMk)=-i{( b k^ ( z ~ Pj) k )} q (m(k)+ v (k))M , in particular, 
res(pj, {b(z - p j )^ 1 c} g(3) )M = {bMc} q{3) for each b,ceA r . 

Proof. The first statement follows from §3.23, the second statement 
follows from left and right-^4 r -linearity of the line integral, though it is not 
the superlinear functional (see Theorem 2.7). 

3.25. Corollary. Let U be an open region in A r , 2 < r < oo ; with 
n distinct points p±, ...,p n , let also f be an A r -holomorphic function on U \ 
{pi, ...,p n } ='■ Uo, p n = oo, and Uo satisfies conditions of Theorem 3.9 with 
at least one if), 7 and each z Q G {pi, ...,p n }. Then J2 Pj eu res(pj, f)M = 0. 

Proof. If 7 is a closed curve encompassing pi,...,p n _i, then 7~(t) : = 
7(1 — t), where t G [0, 1], encompasses p n = 00 with positive going by 7" 
relative to p n . Since / f(z)dz + / f(z)dz = 0, we get from Theorem 3.23, 
that J2 Pj £U res(pj, f)M = for each M e X r , hence J2 Pj eu res(pj, f)M = 
is the zero R-homogeoneous X r -additive A r - valued functional on I r . 

3.26. Definitions. Let / be an ^4 r -holomorphic function, 2 < r < 00, 
on a neighbourhood V of a point z G A r . Then the infimum: r](z; /) : = 
inf{/c : k G N, f^ k \z) 7^ 0} is called a multiplicity of / at z. Let / be an A r - 
holomorphic function on an open subset U in A r , 2 < r < 00. Suppose w G 
A r , then the valence Vf{w) of / at w is by the definition Vf{w) := 00, when 
the set {z : f(z) = w} is infinite, and otherwise Vf(w) := J2 z j(z)=w r l( z i /)• 

3.26.1. Theorem. Let f be an A r -meromorphic right superlinearly 
super differentiable function on a region U C A r . If b G A r and Vf(b) < 
00, then b is not a cluster value of f and the set {z : Vf(z) = Vf{b)} is 
a neighbourhood of b. If U ^ A r or f is not constant, then the converse 
statement holds. Nevertheless, it is false, when f = const on A T . 

3.26.2. Theorem. Let U be a proper open subset of Ar, 2 < r < 
oo ; let also f and g be two continuous functions from U := cl(U) into A r 
such that on a topological boundary Fr(U) of U they satisfy the inequality 
|/(2)| < \g{z)\ for each z G Fr(U). Suppose f and g are A r -meromorphic 
functions in U and h be a unique continuous map from U into A r such that 
He = /U + 9\e, where E := {z : f(z) ^ 00, g(z) ^ 00}, [dLn(h(z))/dz] is 
right superlinear in U ZQ for each zero z and in U ZQ \ {z } for each pole Zq, 
where U zo is a neighbourhood of z , z G U zo or z G U ZQ \ {z } respectively. 
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Then ^(0) - ^(oo) = ^(0) - 1/^(00). 

Proofs of these two theorems are analogous to that of Theorems VI. 4.1, 
4.2 [13]. To prove Theorem 3.26.2 consider the function ((z, t) := tf(z)+g(z) 
for each z G U and each t G [0, 1] C R. If z is a pole of h(z), then z is a 
zero of l/h(z). By the supposition of Theorem 3.26.1, Proposition 2.3 and 
Theorem 3.9 res(zo, Ln(h)) is the right superlinear operator for each zero or 
pole Zq. On the other hand there exists 5 > such that A^ArgiA+tg^ 1 f) = 
for each t G [—1,1], when no any pole or zero of g or / belongs to a rectifiable 
loop 7 in U with dist( , ~f, Fr(U)) < 5, where dist(A, B) := sup zeA (mi^ e B |£ — 
z|) + (sup£ gB inf zg A |£ ~~ ^D- Then J zei dLn((z, t) is the continuous function 
by t G [0, 1] taking values 2imM, where M G X r charterizes a rectifiable loop 
7 contained in U, \M\ = 1, n G Z, M is independent of t. For each 5 > it 
is possible to choose a rectifiable loop 7 in [/ such that dist(^,Fr(U)) < 5. 
Then apply Theorem 3.23 to suitable pieces of C/ whose boundaries do not 
contain zeros and poles of / and g. 

From the proof of Theorem 3.26.2 we get. 

3.26.3. Corollary. Let suppositions of Theorem 3.26 be satisfied may be 
besides the condition of right supelinearity of[dLn(h(z))/dz], then AguArg(f) = 
AguArg(g) = J dLn(f(z)), where 7 is as in $3.26.2. 

3.27. Theorem. Let U be an open subset in A", 2 < r < oo ; then 
there exists a represenation of the TL-linear space C ZZ (U, A r ) of locally (z, z)- 
analytic functions on U such that it is isomorphic to the H-linear space 
Cz(U,A r ) of Ar-holomorphic functions onU. 

Proof. Evidently, the proof can be reduced to the case n = 1 by in- 
duction considering local (z, 5)-series decompositions by ( n z, n z) with coef- 
ficients being convergent series of ( 1 z, x z, n ~ 1 z, n ~ l z). We have 
z = (2 r - 2)~ 1 {-z + E se s r s(zs*)} for each 2 < r < 00, 
~z = lim r _ 00 (2 r - 2)' 1 {-z + J2 sfbr s ( zs *)} in A oo- 

Consequently, each polynomial in (z, z) is also a polynomial in z only, more- 
over, each polynomial locally (z, z) analytic function on U is polynomial lo- 
cally z-analytic on U. Then if a series by (z, z) converges in a ball B(zq, p, A™), 
then its series in the ^-representation converges in a ball B(zo, p', A£), where 
p' = 2 r (2 r — 2) _1 p. Considering basic polynomials of any polynomial basis in 
C%z(U, A r ) we get (due to infinite dimensionality of this space) a polynomial 
base of C^{U,A r ). This establishes the R-linear isomorphism between these 
two spaces. Moreover, in such representation of the space C zi (U, A r ) we can 
put D z = 0, yielding for differential forms 8% — 0, this leads to differential 
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calculus and integration with respect to D z and dz only. 

3.28. Theorem (Argument principle). Let f be an A r -holomorphic 
function on an open region U satisfying conditions of $3.9, 2 < r < oo ; 
and let 7 be a closed curve contained in U , where [dLn(f(z))/dz] is right 
supelinear in some neighbourhood U ZQ for each zero z of f(z). Then ln(0; fo 
7) = Hdf(a)^in{a-^)d f {a). 

Proof. There is the equality ln(0; f o 7) = dLn(f(()) = Jq 1 dLn(f o 
7 (s)) = J 7 f-\Odf(0. Let d f (a) = n G N, then 

f-\a)f'{a).s= Y, {(z - a) n 'g. M . ni _ nk (z) 

l,k;ni + ...+n k =df(a),0<nj€Z,j=l,...,k 
(z — a) n2 g St i tk: 2 ]ni ,...,n k (z)---(z — a)™ fc 5' s ,i,A:,fe;ni,...,n fe (^)}g(ni + ...+n fc +A:) ) 

where g a ,i,p,k;m,...,n k ( z ) are ^4 r -holomorphic functions of z on U for each s G b r 
such that g s ,i,p,k;ni,...,n k ( a ) 0> where I = l,...,m, 1 < m < 2 rd f ( - a ' > for fi- 
nite r and each m G N for r = oo (see §§2.8, 3.7, 3.21, 3.27), since each 
term £(z)U s eb r ( w s ~ w sfi ) ns with £ sebr n s > <9/(a), > 0, has such de- 
composition, where 2 < r < oo, £(z) is an ^4 r -holomorphic function on a 
neighbourhood of a such that £(a) 7^ 0. When r = 00 use z = limr^ooZr-. 
Suppose ip is a closed curve such that In(p,ip) = 27rnM, |M| = 1, M G X r , 
/ n 6 Z. Then we can define a curve -?/> 1//n =: w as a closed curve for 
which in(p,u) = 2vrM and u([0, 1]) C ^([0, 1]). Then we call uj n = ip. That 
is, In(p, tp 1 /' 11 ) = I(p,tp)/n. The latter formula allows an interpretation also 
when In(p,ip)/n is equal to 2nqM, where 7^ q G Q. That is, a curve ili 1 l n 
can be defined for each / n 6 Z. This means that 7 can be presented 
as union of curves tUj for each of which there exists rij G N such that uJ J 
is a closed curve. Using Theorem 3.9 for each a G U with df(a) 7^ 0, also 
using the series given above we can find a finite family of ujj for which one 
of the terms in the series is not less, than any other term. We may also use 
small homotopic deformations of ujj satisfying the conditions of Theorem 3.9 
such that in the series one of the terms is greater than any other for almost 
all points on Uj. Such deformation is permitted, since otherwise two terms 
would coincide on an open subset of U, that is impossible. Considering such 
series, Formulas 2.5.(4, 5) and using Theorem 3.26.2 we get the statement of 
this theorem. 

3.29. Theorem. If f has an essential singularity at a, then cl(f(V)) = 
A r for each V C dom(f), V — U \ {a}, where U is a neighbourhood of a. 
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Proof. Suppose that the statement of this theorem is false, then there 
would exist p > and m > and an element A G A r such that / is z- 
analytic in B(a, 0, p, ^4 r ) \ {a} and \f(z) — A\ > m for each z such that < 
\z — a\<p. If oo d(/(V)), then there exists i? > such that A d(f(V)) 
for each \A\ > R. Therefore, the function [f(z) — A]^ 1 is ^4 r -holomorphic in 
B(a,0,p,A r )\{a}. Hence [f(z)-A]- 1 = E fc {(Pfc, (z-a) k )} qMk ) +m(k)) , where 
in this sum k = (k±, k m ^)) with fcj > for each j = 1, ...,m(k) G N, p k 
are finite sequences of coefficients for [f(z) — A}" 1 as in §3.21. If D™([f(z) — 
A] _1 )| z=a = for each n > 0, then [f(z) — A]^ 1 = in a neighbourhood of a. 

Therefore, [/(z) - A]" 1 = En 1 +...+n i =n{#i^ ni ---^ n '}< ? (»X«)+0 for some n such 
that < n G N, rij > for each j = 1, / G N, each ^ is an ^4 r -holomorphic 
function (of z). Consequently, taking inverses of both sides [f(z) — A] and 
(Y,n 1 +...+n l =n{9iz ni ---giz ni } qMn)+ i ) y 1 and comparing their expansion series 
we see that finite sequences b k of expansion coefficients for / have the property 
b k = for each rj(k) < —n. This contradicts the hypothesis and proves the 
theorem. 

3.30. Definition. Let a and b be two points in A r and 9 be a stereo- 
graphic mapping of the unit real sphere S 2r for 2 < r < oo or S°° for r = oo 
on A r - Then x{ a ^) :— \(f>(a) — 0(&)|y is called the chordal metric, where 
:= : A r -> 5 m is embedded in F := R m+1 for m := 2 r with r < oo 
or in R © for m = oo with r = oo, | * |y is the Euclidean or Hilbert 

norm in F respectively. 

3.30.1. Theorem. Let U be an open region in A r , {/„ : n G N} 
&e a sequence of functions meromorphic on U tending uniformly in U to f 
relative to the chordal metric. Then either f is the constant oo or else f is 
meromorphic on U . 

3.30.2. Theorem. Let {f k : k G N} be a sequence of meromorphic 
functions on an open subset U in A r , which tends uniformly in the sence 
of the chordal metric in U to f , f ^ const. If /(a) = b and p > are 
such that B(a, p, A r ) C U and f(z) ^ b for each z G B(a,p, A r ) \ {a}, then 
there exists m G N such that the value of the valence of fk\B(a,p,Ar) a ^ b ^ 
r](b; f) = i](a; f) for each k > m. 

3.30.3. Note. The proofs of these theorems are formally similar to the 
proofs of VI. 4. 3 and 4.4 [13]. Theorems 3.26.2 and 3.30.2 are the Ar analogs of 
the Rouche and Hurwitz theorems respectively. There are also the following 
A r analogs of the Mittag-Leffier and Weierstrass theorems. Their proofs are 
similar to those for Theorems VIII. 1.1 and 1.2 [13] respectively. Nevertheless 
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the second part of the Weierstrass theorem is not true in general because of 
noncommutativity of A r , that is, a function h G M(£7) with dh — d is not 
necessarily representable as h = fg, where g is an ^4 r -holomorphic on U and 
/ is another marked function / G M(£7) such that df = d. 

3.31. Theorem. Let U be a nonempty proper open subset of A r , 2 < r < 
oo ; let A G U not containing any cluster point in U . Let there be a function 
gb G M(„4 r ) for each b G A having a pole at b and no other. Then there 
exists f G M(£7) A r -holomorphic on U \ B and having the same principal 
part at b as g^. If f is such a function, then each other such function is the 
function f + g, where g is A r -holomorphic on U . 

3.32. Theorem. Let U be a proper nonempty open subset of A r , 2 < 
r < oo. Let d : U — > Z be a function such that {d(z) ^ 0} does not have a 
cluster point in U . Then there exists f G M(£7) such that df = d. 

Proof. If aj is a zero, that is, d{a 3 ) ^ 0, then take a circle of radius 5j > 
with centre at a,j. There are possible two cases: \aj\5j > 1 and \aj\5j < 1. 
At aj of the first type construct in U a meromorphic function g(z) with the 
principal part gj(z) = rij(z — ctj) -1 , rij = d(aj), g(z) := Yl'jLi(gj( z ) — hj{ z ))-> 
where hj(z) := — rtj X)pLi(aJ 1 -2) p ~ 1 aJ 1 . Choose kj such that in each bounded 
canonical closed V in A r , V C U, the series for g is unifomly convergent. At 
aj of the second type construct 
9i(z) ■= rij E™ (z - bj)-'[{aj - bj)(z - bj)' 1 }? and 
hj(z) := Uj Y, k M z ~ " bj)(z - b 3 )- l Y>, 

where \aj — bj\ < \z — bj\, aj, bj, z are subjected to the condition T aj ^bj,z-bj ^ 
K, which is not finally restrictive due to Theorem 2.15. Choose kj such that 
for each z with \z — bj\ > R > 5j we have \gj(z) — hj(z)\ = \nj J2^Lk +i( z ~ 
6 .)-i[( a ._ 6 .)( z _ 6 .)-i] P | < n . E - kj+i Kaj-bjyR-?- 1 ] < 6j, where E°° =1 e 3 < 
oo converges, Rj > is a constant for each j. These series by (aj 1 ^) p aj 1 or by 
(z — bj)~~ 1 [(aj — bj)(z— bj)~ 1 ] p , p — 0, 1, 2, are with real coefficients indepen- 
dent of the type of embedding of K into A r , where z G T ajt b jtZ1 ^ K <^-> A r 
for each given z\ G A r with the variable z within a given copy of K, 
hence they can be extended on the corresponding balls in A r . Now inte- 
grate g(() along a rectifiable path 7 in U which does not contain any aj, 
7 (0) = zq, 7(1) = z. Then <?(CR = E£iK(*) - ^(^o)] such that 
:= exp(/ 2 2 o g'(C)^C) i s independent of the path (see Theorems 2.15 and 
3.8.3 and Corollary 3.4 above), where 

exp(vjj(z)) = ((1 — aTj X z) exp(Y,^Li(o-j 1 z) p / p])) n ^> in the first case, 
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expfa-O*)) = ([(* - - ^)~ 1 ]exp(E P °°=i[(^ - " b^/p))"' in 

the second case, but Wj and u>z generally do not commute for j ^ I. The 
convergence of series is analogous to that of Satz 25 [2] in the complex 
case. Two functions satisfying Theorem 3.32 need not differ on an A r - 
holomorphic multiplier apart from the complex case, since, for example, 
Cj '■= {fi—fj9fj+i—fn}q(n) wi th different j = a and j = b in {1, ...,n} C N 
do not correlate: ( a ^ {^Cfc^}<?(3) i n general for any A. r -holomorphic h and 
k functions on U, where each fi has a zero of order m > at ai, n > 2. 
Moreover, for r > 3 there is also dependence on the order of multiplication 
{*}<?(«)• 

3.33. Theorem. Let U be an open region in A r , 2 < r < oo ; and f be 
a function A r -holomorphic on U with a right superlinear superdifferential on 
U. Suppose f is not constant and B(a,p,A r ) C U , where < p < oo. Then 
f(B(a,p,A r )) is a neighbourhood of f(a) in A r . 

3.34. Remarks. For several A r variables a multiple A r line integral 
I := {/ 7n ...J 7l /( 1 z, n zd 1 z...d n z} q (n) may be naturally considered for 
rectifiable curves 7i,...,7 n in A r , 3 < r < oo, where {*} g ( n ) denotes the order 
of brackets in the order or iterated integrations (see also §2.1). Generally, the 
order of integration is essential, since the existence of the partial derivative 
d n g( 1 z, n z)/d 1 z...d n z does not imply an existence of a continuous 
and as Proposition 3.8.5 shows the order of differentiation is essential, for 
example, even in the case of g corresponding to / := {f\ o ... o f n } q ( n ) with 
/„( 1 z, n z) with values in A^ 1 , f n -i( 1 z, n ~ x z) with values in A™' 2 , 
...,/ 2 ( 1 z, 2 z) and/i( 1 z) with values in A r , {d n g( 1 z,..., n z)/d 1 z...d n z} q{n) .l® n = 
/( 1 z, n z) (see also §2.7). Therefore, there is the natural generalization 

of Theorem 3.9 for several A r variables: 

(i) (2n) n f(z ){M 1 ...M n } q{n) = 

{[ - / /( 1 C,-, n 0(\- ^-^^-("C- ^o)"^ n C)},(n) 

for the corresponding [/ = 1 f/ x ... x n f/, where ipj and J C/ satisfy conditions 
of Theorem 3.9 for each j and / is a continuous .Ar-holomorphic function on 
U. 
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